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ELEMENTARY OPERATIONS 


USE OF SYMBOLS 


RULES AND FORMULAS COMPARED 


1. In the preceding Sections, and in particular in that one 
dealing with mensuration, frequent use is made of rules indicat- 
ing how to use certain numbers for the purpose of finding an 
unknown length, area, or volume. 

When the arithmetical processes are of a simple kind, the 
rule will be short and easily understood. If, however, the 
rule deals with several numbers that have to be combined and 
used in various ways, the rule becomes more complicated. 
It is then hard to see what must be done to apply the rule. 

In order to simplify solutions a short method of expressing 
rules has been devised. In all arithmetical work a kind of 
shorthand is used. The sign + is written for the word plus; 
+ is used instead of divided by; cwt. is a symbol for 100 pounds 
or hundred-weight. Any one who reads a scientific or busi- 
ness magazine finds other shorthand expressions in which 
letters and the arithmetical symbols are used together. Such 
an expression is a short way of writing a rule, and it is called a 
formula. : 

A rule commonly used is: The volume of a rectangular 
solid is equal to the product of tts length, breadth and thickness. 
This rule is often shortened by writing 

volume = length X breadth X thickness 
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Z FORMULAS 


Suppose the first letter of each word is used as its abbrevia- 

tions ebinern, 
v=l1XbxXt 

If it is understood that when there is no sign between two 
letters they are to be multiplied together, it is possible to write 
the expression as 

v=lbt 

This is a shorthand way of expressing the rule for finding the 
volume of a rectangular solid, and it is a formula. 

For a longer rule, there is more advantage in writing it the 
short way, but in these articles simple rules must be used as 
illustrations before the more complicated ones are considered. 

EXAMPLE.—Express the following rule as a formula, using the first 


letter of a word as its abbreviation: The area of a triangle equals one-half 
the product of its base by its height. 


SoLtuTIon.—First shorten the rule by using arithmetical symbols to 
indicate the operations: 


area =} X base Xheight 
Next abbreviate each word: 
G=4XOxh 
The multiplication signs may be omitted and the formula becomes 
a= bh 


EXAMPLES FOR PRACTICE 


Express each of the following rules as a formula. Use the first letter 
of a word as its abbreviation. 


1, The area of a rectangle equals the product of the base by the height. 
Ans. a=bXh, or a=bh 


2. The side of a square equals the square root of its area. 


Ans. s= Va 
3. The area of a circle equals the square of its radius multiplied by 
3.1416. Ans. a=r?X3.1416, or a=3.1416 72 


4. To find the interest on a given principal multiply the principal 
by the rate for one year and then multiply the result by the time expressed 
in years. Ans. t=pXrXt, ori= prt 


2. Before formulas can be discussed, the general principles 
that govern letters used in them must be understood, just as 
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the multiplication tables must be learned: before it is possible 
to solve practical problems in which multiplication is used. 
In explaining the underlying principles, step by step, few 
practical applications can be shown, for a fair knowledge of all 
of the principles is necessary before their connection with 
formulas, which are used in the different trades and professions, 
can be understood. 


ARITHMETICAL SIGNS AND THEIR APPLICATION 


3. Signs of Aggregation.—The signs used in formulas 
are the ordinary signs indicative of arithmetical operations and 
the signs of aggregation. All these signs were explained in 
preceding Sections, but the signs of aggregation will need 
further explanation, as their application is extended in scme 
directions. 

The signs of aggregation are four in number, viz., —, (), 
[ ], and {-}, respectively called the vinculum, the parenthesis, 
the brackets, and the brace. They are used to a great 
extent when it is necessary to indicate that all the numbers 
included by them are to be subjected to the same operation. 
For example, if the sum of 5 and 8 is to be multiplied by 7, 
any one of the four signs of aggregation may be used, but it is 
customary to use the parenthesis; thus, (5+8)X7. As 
already explained, the vinculum is used extensively in con- 
nection with the radical sign to indicate a root. 

If two signs of aggregation are needed, the brackets and the 
parenthesis are used, so as to avoid having a parenthesis 
within a parenthesis, the brackets being placed outside. For 
example, [(20—5)+3]X9 means that the difference between 
20 and 5 is to be divided by 3, and the result multiplied 
by9. 

If three signs of aggregation are required, the brace, brackets, 
and parenthesis are used, the brace being placed outside, the 
brackets next, and the parenthesis inside. For example, 
{[(20 —5) +3] <9—21}+8 means that the quotient obtained 
by dividing the difference between 20 and 5 by 3 is to be 
multiplied by 9, and that after 21 has been subtracted from 
the product thus obtained, the result is to be divided by 8. 
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Many times a multiplication sign either preceding or 
following a symbol of aggregation is omitted; thus (5+8)7 
or 7(5+8) means the same as (5+8) X7 or 7X(5+8). In such 
cases the multiplication sign is understood but not written. 
Similarly (2+3) (6+5) may be written instead of (2+3) 
X(6+5). 


4, Order of Operations.—When several quantities are 
connected by the various signs indicating addition, subtraction, 
multiplication, and division, the operation indicated by the 
sign of multiplication must always be performed first; next in 
order comes the operation of division. Thus, 2+3X4 equals 
14, 3 being multiplied by 4 before adding it to 2. Similarly, 
10+25 equals 1, since 25 equals 10, and 10+10 equals 1. 

If this rule were not followed in the preceding examples, the 
results would be quite different. For instance, if in the 
example 2+3X4 addition is performed before multiplication, 
as 2+3=5, and 5X4=20, the result differs from that previ- 
ously found, which was 14. 

In the example 10+2X5, the quotient found by dividing 
10 by 2 is 5, and 5 multiplied by 5 is 25. Performed in the 
correct manner the result was found to be 1. 


5. In cases where several numbers are connected by using 
the sign of division and the plus or minus sign, the operation 
of division must be performed first. For example, 5—9-+8 is 
equal to 2; 9 divided by 3 gives 3 as the quotient, and 5—3 =2. 

The signs of addition and subtraction are of equal value; 
that is, if several quantities are connected by plus and minus 
signs only, the indicated operations may be performed in the 
order in which the quantities are placed. Thus, in the example 
5+7—4, the solution may be found as 5+7 =12, and 12—4=8. 
Or, 7-453, and 3+5=8. 
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EQUATIONS FORMED WITH NUMBERS 


FUNDAMENTAL PRINCIPLES 


6. Elementary Operations.—The principle on which any 
formula is based is a condition of equality existing between 
a combination of numbers arranged in a certain manner. The 
following example shows a simple combination of numbers of 
this kind: 

2+4=5+1 

The equality sign (=) is placed as the connecting link 
between the numbers 2 and 4 on one side, and the numbers 
5 and 1 on the other side. An expression of this kind is known 
as an equation, because the equality sign connects two com- 
binations of numbers that are equal, the sum of 2 and 4 being 
equal to the sum of 5 and 1. 

This condition of equality is not limited to sums of numbers 
- only, but may refer to any combination of numbers, subjected 
to the arithmetical operations of addition, subtraction, multi- 
plication, division, square root, etc. The following shows an 
equation in which there is a combination of some of these 
operations: 

(9X8) -2=764+42 

It is found that if the operations are carried out as indicated, 

the results on both sides of the equality sign are equal to 70. 


7. Quantity.—It is convenient to have a term that may be 
applied to the whole expression on either side of the equality 
sign. For this purpose the word quantity is in general use. 
The term quantity, as used in mathematics, is applied to 
any number or combination of numbers on which the ordinary 
arithmetical operations are to be performed. The numerical ~ 
combinations (9X8)—2 and 7/64+42, mentioned in the 
: preceding example, may both be referred to as quantities. 

When the term quantity is used with this meaning, an 
equation may be said to be an expression of equality between 
two quantities, 
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8. First and Second Members.—Distinction is made 
between the quantities on either side of the equality sign in an 
equation by applying the term first member to the quantity on 
the left-hand side of the equality sign. The quantity on the 
other side is called the second member. Speaking of both 
quantities, they are known as the members of the equation. 
In the following example, 5X9 is the first member and 60—15 
is the second member. Thus, 

first member second member 


5x9 ~ 60-15 


9.. Comparison Between Equation and Scale.—Equa- 
tions may be better understood by comparison with the 
ordinary scale, as usedin stores. A scale of this kind, as shown 
in Fig. 1, has two pans a and 6b, which are supported by a lever, 
pivoted in the stand G. 


stands at the zero 
mark, it indicates that 
a condition of equal- 
ity exists between the 
' weights supported by the two pans; that is, the weights are in 
balance, or equilibrium. In the following examples the scale 
will be indicated diagrammatically by the balance lever, the 
two pans, and the weights they contain. 


Fic. 1 


10. A mathematical equation and a balance have this 
property in common, that a condition of equality cannot 
exist unless the quantities on both sides of the equality sign, 
or the weights in both pans of the scale, are equal. 

It is impossible to reduce the weights placed in only one pan 
without disturbing the balance of the scale, just as it is impos- 
sible to reduce the value of only one member of the equation 
’ without disturbing the equality. But if the same change is 
made in both weights the scale will remain in balance; and 
likewise if the same change is made in both members of an 
equation they will remain equal. 

The changes to which the members of an equation may be | 
subjected are conveniently divided into the following four cases: 
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1. Adding the same quantity to both members of an 
equation. 

2. Subtracting the same quantity from both members. 

3. Multiplying both members by the same quantity. 

4. Dividing both members by the same quantity. 


11. Adding a Quantity to Both Members of an Equa- 
tion.—It can be proved that when a number is added to 
one member of an equation, a number of equal value must 
be added to the other member if equality is to be maintained. 
For example, Fig. 2 (a) represents a scale with two pans a 
and 6. The pan a supports weights of 10 and 8 pounds; and 


Bia fia a alae 


(a) (b) 


(ce) 


Fic. 2 


the pan 6 supports weights of 12 and 6 pounds. The total 
weight on each pan is 18 pounds. If, now, 1 pound is added 
to the pan b, as in Fig. 2 (b), the balance is destroyed, but may 
be regained by placing a similar weight, 1 pound, on the pan a, 
as shown in Fig. 2 (c). 
The arrangement shown in Fig. 2 (a) may be represented by 
an equation, as follows: 
10+8=12+6 
If 1 pound is added as in Fig. 2 (0b), the resulting change 
may be shown in the following manner, the vertical dash (| ) 
being used merely to separate the members on the two sides: 
10+8 | 12+6+1 
It is seen that the equality is destroyed and that this 
expression is not an equation, as the value 18 of the first 
member is not equal to the value 19 of the second mem- 
ber. To regain equality, a quantity equal to 1 may be 
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added to the left member, making the two members equal, as - 
rollows: 
10+8+1=12+6+1 
It follows that if a quantity is added to one member of an 
equation, the same quantity must be added to the other 
member, to maintain the equality between the members. 


12. Subtracting a Quantity From Both Members.—lf a 
number is subtracted from one member of an equation, a 
number of the same value must be subtracted from the other 
member. For example, the weight on each of the scale pans 
a and b, Fig. 3 (a), is equal to 27 pounds. If the 2-pound 


[eo\ fa [a\ [s\ \ x [eo\ a  _[a8\ 
‘ A 4 aon 
(a) Fie. 3 (0) 
weight is removed from the pan a the balance is destroyed, 
but it will be regained by removing the 2-pound weight from 
the pan b, as in Fig. 3 (0). 
The arrangement shown in Fig. 3 (a) is represented by the 
following equation: 
20+5+2=18+7+42 
Removing the 2-pound weight from the pan a, Fig. 3 (a), is 
equivalent to subtracting 2 from the first member of the 
equation; thus, 
20+5+2—2|18+7+2 
Performing the subtraction indicated in the first member, 
the result is 2—2=0, and the relation will assume the follow- 
ing form: 
20+5|18+7+2 
The equality is seen to be lost, and to regain it, the same 
value, 2, is subtracted from the second member, as follows: 


20+5=18+7+4+2—2=184+7 
From the preceding examples the following rule is derived: 
Rule.—If a quantity is added to or subtracted from one 


member of an equation, the same quantity must be added to or 
subtracted from the other member. 
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1 this rule is not complied with, the equality ceases to exist; 
that is, the quantity represented by one member is not equal] 
to the quantity represented by the other member. 


13. Multiplying or Dividing Both Members by Same 
Quantity.—The remarks made about adding a quantity to, 
or subtracting it from, one member of an equation apply also 
to the processes of multiplying or dividing a member by a 
given number. These operations are, in reality, operations of 
addition or subtraction, repeated a given number of times. 

For example, let it be supposed that on the scale pan a, 
Fig. 4 (a), there is a weight of 15 pounds, and on the pan 6 
the weights of 12 pounds and 3 pounds, also equal to 15 


pounds. It is required to multiply the weight on the pan a by 
3. This is equivalent to increasing the total number of weights 
to three, or 15-+15+15=45 pounds. The condition will then 
correspond to that explained in Art. 113 that is, a weight equal 
to 45 —15 =30 pounds has been added to the pana. If equilib- 
rium is to be reestablished, the remedy is the same; that 1s, 
the weights on the pan b must be multiplied by the same num- 
ber, or 3.. These may be as shown in Fig. 4 (b), namely, three 
weights of 12 pounds each and three weights of 3 pounds each. 
The total weight on the pan b is 3X12+3X3=45 pounds. 
When this method is applied to an equation the same results 
are obtained. The arrangement shown in Fig. 4 (a) is rep- 
resented by the equation 
15=12+3 
When the first member is multiplied by 3, the relation 
_ assumes the following form: 
15X3 | 12+3 
This expression shows that the equality is lost, and to regain 
it, the second member must also be multiplied by 3, thus: 


153 =(12+3) X3=15X38 
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The latter equation shows the application of the parenthesis, 
as explained in Art.3. In this case, it is necessary to considet 
the sum 12+3 as one number, when multiplying by 3. It is 
therefore enclosed in parenthesis. 


14. Finally, it is necessary to consider the effect pro- 
duced by dividing one member of an equation by a given 
number. In Fig. 5 (a) there is seen to be a balance between 
the weight of 18 pounds, resting on the pan a; and the two 
weights of 12 and 6 pounds, respectively, resting on the pan b. 

If it is required to divide the weight of 18 pounds by 3, that 
is, to replace it with a weight one-third as great, or 6 pounds, 
the evident result will be that the scale is thrown out of 


balance. To regain equilibrium the weights on the pan } 
must be divided by the same factor, 3. One-third of 12 and 
of 6 pounds is 4 and 2 pounds, respectively. When the weights 
on the pan U are replaced by these reduced weights, the 
arrangement will appear as in Fig. 5 (6), where it is seen that 
the pans are again in equilibrium. 

On the application of this principle to an equation, similar 
results are obtained. The arrangement shown in Fig. 5 (a) 
is represented by the equation 

18=12+6 

When the first member is divided by 8, the relation assumes 

the following form: 
18+3|12+6 
or, 6|12+6 

It is seen that, as 6 cannot be equal to 18, the equality is 
lost, and to regain it, the second member must also be divided 
by 3, as in the following equation: 

6 =(12+6)+3=18+3 
or, 6=6 
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Also, in this equation, it is necessary to enclose the second 
member of the equation, or 12+6, in a parenthesis, before 
dividing by 3. Otherwise, only the last number, 6, would be 
divided by 8. 


15. Raising a number to a given power is a process of 
multiplication; that is, of multiplying a number by itself a 
given number of times. Also, extracting the root of a power 
is a process of division, as the root must go into its power, 
and the successive quotients, as many times as the index of 
the root indicates. Thus, a number may be divided three 
times by its cube root. For example, the cube root of 27 is 3; 
hence, 27+3=9, and 9+3=3, and 3+3=1. 

It follows that the rules applying to the multiplication and 
division of the members of an equation by a given number also 
apply to raising the members to like powers or extracting like 
roots of both members. For example, in the equation 

6=4+42 
both members may be squared without affecting the equality 
of the equation. Thus, 
6? = (44-2)? 
or, 36 =36 
Likewise may like roots of both members be extracted. For 
example, in the equation 
64 =44+ 20 
the square root of both members may be extracted; thus, 
64 = /44+20 
Gir. 8=8 

16. Transformation.—From the explanations given ina 
Arts. 11 to 15 the following important rule is derived: 

Rule.—Jf one member of an equation is subjected to any 
arithmetical operation, the other member must be treated in 
the same manner. 

Changes made in an equation by applying this rule are 
called transformations. 

This rule, which is apparently very simple, is of the greatest 
importance in operations with equations. If not complied with 
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in all cases, serious errors will result. The application of the 
rule is shown by the following examples: 


Examp_e 1.—It is required to add 25 to the second member of the 
equation 
82+17+14=78+25+10 
What changes must be made in the equation in order that the dann? 
of the members may be maintained? 


SoLutTion.—By the rule, it 1s necessary to add a number to the first 
member corresponding with that added to the second one. Or, 
82+17+14+25=78+25+10+25. Ans. 
In its present form the value of each member is 138. In its original 
form the value was 113; but in both cases there exists a condition of 
equality. 


EXAMPLE 2.—It is desired to subtract 34 from the first member of 
the following equation: 108+15+23=92+36+18. What change must 
be made in the second member? 

SoLution.—According to the rule, if 34 is subtracted from the first 
member, a number of equal value must be subtracted from the second 
member. The equation must, therefore, be written as follows: 

108+15+23 —34=92+436+18—34 

On subtracting 34 from a larger number in each member, the equation 
will be as follows: 

74+15+23=92+2+18. Ans. 

In its present form, each member of the equation is equal to 112. In 

the original equation the value was 146. 


EXAMPLE 3.—If the second member in the equation 94+3=53+44 is 
multiplied by 12, what changes must be made in the equation to maintain 
the equality of the members? 


SoLutTion.—According to the rule, it is not allowable to multiply the 
second member by 12, unless the first member is multiplied by the same 
factor. The equation must, therefore, be written as follows: 

(94+3)12=(53+44)12. Ans. 

Each member must be enclosed in a parenthesis to insure that both 

numbers are multiplied by 12, and not only the last one. 


EXAMPLE 4.—The second member of the following equation is to be 
divided by 6. If the equality is to be maintained, what change is neces- 
sary in the equation? 

81+17—20=64—4+18 

SoLution.—According to the rule, the equation must be written as 

follows: 


(81+17—20) +6=(64—4+18)+6. Ans. 
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As the whole of each member is to be divided by 6, the members must 
be enclosed in a parenthesis as shown. 


17. Transposition—When equations are used, it is 
often necessary to change a number from one member to the 
other; changes of this kind are called transpositions. 

15+9+3=20+6+1 (1) 

Suppose that in equation 1 it is required to move the 
number 20 from the right side to the left side of the equality 
sign. It was explained in Art. 12 that the same number may 
be subtracted from both members of an equation. Performing 
this operation by subtracting 20 from both members, the equa- 
tion will appear as follows: 


15+9+3 —20=20+6+1-—20 

But, in the second member, 20—20=0. Hence, the equa. 

tion will be 
15+9+3—20=6+1 (2) 

An examination of equation 2 shows that the equality of 
the equation is not affected, as, in the first member, 15+9+3 
—20=7, and, in the second member, 6+1=7. 

When the equations 1 and 2 are compared, 

BD re te 20 te had 
and 15+9+3—20=6+1 
it is seen that on transferring 20 from the second to the first 
member its sign is changed from + to —. 


18. It remains to be shown how a number, preceded by 
a minus sign, may be transposed from one member to the other 
member of an equation. For example, in the equation 


105+ 15 —30=40-+50 


it is desired to transfer the number —30 from the first to the 
second member of the equation. According to the rule in 
Art. 16, it is permissible to add the same number to both 
members. Hence, if 30 is added to both members, the equa- 
tion will appear as follows: 

105+15 —30+30 =40+50+30 
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In the first member, the numbers may be written 105+15 
+30—30; but 30—30=0. The equation may, therefore, be 
written 

105+15 =40+50+30 

As both members of the equation are equal to 120, the 
equality of the members has not been affected by the change, 
and the —30 has been transferred simply by changing its 
position and its sign. 

When no sign precedes a number, a + sign is understood; 
thus, in the preceding equation, 105 has no sign before it, and 
therefore it is understood to be +105. 

From the two preceding examples the following rule is 
derived: 


Rule.—A number or quantity preceded by a plus or a minus 
sign may be transposed from one member a, an equation to the 
other member, tf its sign 1s changed. 


EXAMPLE 1.—In the equation 32+96+40=100+48-+ 20, it is required 
to transfer 32 to the second member. 


SOLUTION.—When no sign precedes a number, it is understood that 
the plus sign is omitted. Hence, the 32 in the first member is considered 
as +32, and by the rule, the equation may be written as follows: 


96+40=100+48+4 20—32 
The sum of the numbers in the first member is 136. In the second 


member the sum of 100+48+20=168, and 168—32=136. Hence, the 
value of each member is equal to 136. 


EXAMPLE 2.—Transfer the value —46 from the second to the first 
member in the following equation: 
96+-40+30= 212 —46 
By the rule, the equation may be written as follows: 
96+40-+ 30+ 46 = 212 


When the number — 46 is placed in the first member its sign is changed 
from — to +, and each member has a value of 212. 


19. Certain numbers may be transferred from one mem- 
ber of an equation to another by means of multiplication or 


division. For example, if in the equation <= 100 1118 


required to transfer the denominator 5 to the second member, 
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the rule in Art. 16 is employed and both members are mul- 
tiplied by 5. Thus, 


800X5 _ 160.5 


In the first member the figures 5 in the numerator and 
denominator cancel each other, and the equation may be 
written as follows: 

800 = 1605 

It is seen that the equality between the members is not 

affected. 


20. Dividing both members of an equation by the same 
number is also used as a means for transferring certain num- 
bers or quantities from one member to the other. For example, 
in the equation 

450 =50X9 
let it be assumed that 50 is to be transferred to the first mem- 
ber, for the purpose of having 9 alone in the second member. 
This result may be obtained by dividing both members by 50. 
rehds, 

450 _ 50X9 

50 50 

But, in the second member, the numbers 50, in the numer- 
ator and denominator, cancel each other, and the equation may 
now be written as follows: 


21. The examples in Arts. 19 and 20 show that if the 
number that is to be transferred is a denominator of a frac- 
tion, both members must be multiplied by this number. If 
the number or factor is a numerator, both members must be 
divided by the number. If two or more factors are to be trans- 
ferred, the equation is treated in a similar manner. In all 
cases the following rule applies: 

Rule.—A factor may be transferred from one member of 
an equation to the other by multiplying or dividing both mem- 
bers of the equation by the factor that 1s to be transferred. 
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EXAMPLE 1.—In the equation 325X8=2,600 transfer the factor 8 to 
the second member of the equation. 

SoLuTIon.—The factor 8 being in the numerator of a fraction having 
1 as a denominator, it follows from the preceding explanations and rule 
that both members must be divided by 8. Thus, 

325X8__ 2,600 
"MS 

Equal factors in the first member may now be canceled and the equation 

acquires the following form: 


EXAMPLE 2.—Transfer the number 5 to the second member of the 
Ay 
following equation: cane = 900. 


SoLuTION.—By the rule, both members are multiplied by 5, giving the 


equation the following form: 


4,500X5 
5 —=900X5 


The two numbers 5 in the first member cancel each other, and the 
equation will be 
4,500=900X5. Ans. 
22. In the preceding examples the members of the equa- 
tions consisted of one or more factors. Equations may besides 
several factors have single numbers connected by plus or 


minus signs. For example, 10+4—5. 


If, in this equation, it is desired to transfer the number 9 
from the first to the second member, the latter must be treated 
as one quantity by enclosing it in a parenthesis. The opera- 
tion is then performed in accordance with the rule in Art. 
21, that is, by multiplying both members by 9. Thus, 

XS = (10-+4~5)9 

The two 9’s in the first mefber cancel each other and the 
changed form of the equation is 

81=(10+4—5)9 

If, in an equation of the latter kind, the factor that is out- 
side the parenthesis is transferred to the other member, there 
is no further use for the parenthesis, and it may be removed. 
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Tie following example will make this clear: In the equation 
4X27 =6(25—10-+3), the factor 6 is to be transferred to the 
first member. Following the rule in Art. 21, both members 
are divided by 6. Thus, 


4X27 _ 6(25—10+3) 
6 6 


The factors 6 in the second member cancel each other and 
the equation may be written 


<ASt =(25-10+8) 


As the parenthesis is no longer required, it is removed and 
the final form of the equation is 


~AaT=25-1043 


When the operations indicated by the signs are performed, 


the equation is 
108 


e =25—-10+3 
or, 18=18 

It is seen that the equality of the two members has not been 
affected by the change. 


EXAMPLE.—In the equation 53X8=4(190—92+8) the factor 53 is to 
be transferred to the second member, so that the first member contains 


but the one factor 8. 

SoLuTIon.—By the rule in Art. 21, both members are divided by 53. 
53X8 4(190—92+8) 
ae 53 
The two equal factors 53 in the first member cancel and the equation 
' appears as follows: 


Thus, 


8 4(190—92+8) 
7 53 
That the members still have equal values may be ascertained by per- 
forming the required arithmetical operations. Thus, after adding and 
subtracting the numbers in the parenthesis, the result is as shown in the 


following equation: 
4X 106 


53 
or, 8=8 
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EQUATIONS FORMED WITH SYMBOLS 


APPLICATION OF SYMBOLS 


23. Numbers. Represented by Symbols.—The preceding 
articles explain the fundamental properties of equations 
by means of numbers, so as to show more clearly the results 
of the various operations. In the succeeding pages symbols, 
such as letters, will be used to represent the various numbers 
used in the equations. The advantage to be derived from this 
method will be shown gradually, as the scope of the examples 
becomes more extended. No change in the method of treat- 
ing equations is involved by substituting letters for numbers. 

Using letters to represent numbers is not a method limited 
solely to equations. It is used, for example, to a great extent 
in stores as a means for indicating prices on articles, so as to 
prevent the customer from reading the prices. But, the sales- 
man, who is furnished with a key, knows the meaning of each 
letter, and is therefore able to tell the price. 


24. Omitting Multiplication and Division Signs.—It was 
stated in Art. 3 that in formulas and equations the various 
arithmetical operations are indicated by the same signs as 
were used in arithmetic. In formulas and equations, however, 
where brevity is always desired, it is possible in many cases to 
omit the multiplication and division signs, when such omis- 
sions will not cause any misunderstanding. Thus, instead 
of writing aXb, the sign of multiplication is omitted, and the 
product of the two letters is indicated by writing them close 
together, without any intervening sign. Hence, aXb is 
written ab; dXeXf is written def; bX(c+e) is written b(c+e), 
-and so forth. This simplified method of indicating. multipli- 
cation cannot, however, be adopted for numbers. For 
example, 3X7 cannot be written 37, for 37 has been defitied: 
in arithmetic, to mean 30-+7. 

In connection with the subject of powers, it follows that, as 
3X3=3?,soaXa=a?. This latter expression is read a square, 
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following the rule given in Powers and Roots. If there are 
three equal factors, as bXb Xb, the result is b3, which is read 
b cube; b* is read 6 fourth and is equal to bXbXbXb; © is 
c fifth and is equal to cX¢XcXcXc; and so on for any other 
power. 

The sign of division (+)-is not so generally used to indicate 
division of symbols as it is to indicate division of numbers. 
Often the dividend is written as the numerator of a fraction of 
which the divisor is the denominator; thus, a+b may be 


expressed as : just as 1+2 may be written 4 or 4+3 as 4. 


25. Supplementary Symbols.—Only a limited number 
of letters are employed in the equations dealt with in the 
succeeding pages. In practice, the letters of the alphabet are 
at times, insufficient to meet the requirements, and it is found 
necessary to have recourse to supplementary marks and 
symbols, known as primes and subscripts. The marks’, ’’, ’’’, 

‘are called primes; small letters or numbers, as g, », -, etc. and 
1, 2, 3, etc., printed below the line, are known as subscripts, 
or subs. 

When capital letters have primes annexed to them, as A’, B’, 
A’’, C’”’, they are commonly read large a prime, large b prime, 
large a second, large c third, respectively; but when small let- 
ters are used, as a’, b’, c’’, d’’’, they are read small a prime, 
small b prime, small c second, small d third, respectively. 
Similarly, such expressions as a, D2, Ws, fa are read small a 
sub one, large d sub two, large w sub three, small f sub four, 
respectively. 

The words large and small are used in reading these expres- 
sions only when both capitals and small letters occur in the 
same problem. [If all the letters are capitals, or if all the let- 
ters are small letters, the words large and small are dropped. © 
Under these conditions, F’, Pe, R’’ would be read f prime, 
p sub two, r second; and d;, g’’, a3 would be read d sub one, 
g second, a sub three. 

In writing the different letters, the capital letters are formed 
like printed letters, so that they may be easily distinguished 
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from small letters. On the whole, care should always be taken 
in writing letters to see that there is no confusion; that, for 
instance, subs are not mistaken for exponents, and that each - 
letter represents just what is intended. 


OPERATIONS WITH THE TERMS OF AN EQUATION 


26. Rules Applying to Equations.—All the rules fo- 
equations formed with numbers apply also to equations in 
which letters are used and will, therefore, require no further 
explanations. The application of the preceding rules will be 
shown by means of examples, and if it is kept in mind that the 
letters stand for certain given numbers, there should be no 
difficulty in applying the rules. 

The following example will illustrate the application of the 
tule, in Art. 12, stating that no quantity can be added to or 
subtracted from one member of an equation without perform- 
ing a similar operation with the other member. The given. 
equation is: 

a+b+c=d+ef 

Supposing that the symbol g is to be added to the first mem- 
ber, it must also be added to the second member, and the 
changed equation will assume the following form: 

Gs-b 41-64 g=¢ re faee 

These letters may have any value, but the arrangement of 
the letters in the two members must be such as to comply with 
the law that the two members must have equal values. Inthe 


present case the values of the letters are assumed to be as 
follows: 


a=] e=4 
d=2 


When these values are substituted for the letters, the equa- 
tion assumes the following form: 
1+3+9+8=24+4+7+8 
or, 21=21 
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If the letter g is subtracted from the first member, it must, 
according to the rule, be subtracted also from the second 
member. Thus, 

a+b+c—g=d+e+f-—g 
The substitution of the given values makes the equation 
1+3+9—8=2+4+7-8 
or, 5=5 


27. Therule in Art. 16, which shows that both members 
of an equation may be multiplied or divided by the same num- 
ber, is illustrated by means of the following examples: 


Examp_Le 1.—The first member of the equation a=b-+c is to be multi- 
plied by the factor d. 


SoLuTION.—According to the rule both members must be multiplied 
by d, or 
ad=(b+c)d. Ans. 
EXAMPLE 2.—In the equation a=b-++c, the second member must be 
divided by d. 
SoL_uTIon.—To comply with the rule both members must be divided 
by d; hence, 


ProoFr.—In examples 1 and 2 the letters have the following values: 
CG—l2—0—9Ne—3ancre—o 
The substitution of these values in example 1 makes the given equation 
12=9-+3, and the solution is 12X5=(9+3) 5. Inexample 2 the solution is 


28. Expressions and Terms.—Any symbol, or combination 
of symbols, used to represent a mathematical quantity is called 
a mathematical expression, or simply an expression. Thus, 
24 and a, each representing a number, are expressions. Com- 
binations of numbers and letters or of several letters, such as 


13a, a—b, ab, a®?+b?, a and 2+5a, are all mathematical 
C 


expressions, because each may represent a number. 

In the foregoing expressions addition, subtraction, multi- 
plication, and division are indicated. In many cases it 1S 
convenient to have a special name for parts of an expression. 
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An expression, or a part of an expression, which is not separated 
into parts by a plus or a minus sign is called a term. 

The expression c e—c?r may then be said to consist of the 
two terms ce and c? r, connected by a minus sign; the expres- 
sion a-++b—c consists of the three terms a, b, and c¢. 


29. Coefficients and Literals.—When a term is. expressed 
by letters and a number, written before the letters, the number 
is called the coefficient. The coefficient always precedes the 
letters of the term; thus in 8 a b the figure 8 is the coefficient. 
The coefficient shows how many times the rest of the term is 
to be taken. In the term 8 ab the coefficient 8 indicates 
that the quantity a b is to be taken eight times. 

At times it is convenient to have a special name also for the 
portion of a term that consists of letters. This part of the 
term is called the literal expression, literal quantity, or simply 
the literal. 

When no coefficient is written in a term, the coefficient 1 is 
always to be understood. . Thus, a means 1 a, and c d means 
Led. 


30. Like Terms.—If the sum of a number of similar 
coins is to be found they are simply counted and the number 
found is the sum. ‘Thus, counting six single cents, the sum is 
written 6 cents. Similarly, if the letter c represents 1 cent, 
the expression c+c+c+c+c+c means that the number of 
c’s is to be found by counting, or addition. The fact that 
there are six c’s is represented by the expression 6c, the 
coefficient 6 indicating the number of c’s. 

In counting money, unlike coins are kept separate, as one 
could not count a combination of cents and dimes, as repre- 
senting either cents or dimes. Similarly, in the expression 
c+c+c+d+d-+d, one could not add all the letters and state 
the sum as 6 ¢ or 6d, as both would be wrong. Hence, similar 
letters must be grouped together and then added. In the 
preceding example, the sum is 3 c-++3 d. 


31. Terms that contain the same letters or combination of 
letters are called like terms; all others are unlike terms. 
The term lzke does not mean, in this case, that the terms are of 
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equal values, but that the terms are of the same kind. Thus, 
the terms 3c and 5c are like terms, because both terms con- 
tain the same literals c, but they are not of the same value, as 
the coefficients 3 and 5 are not equal. Similarly, the expres- 
sions 3 cents and 5 cents are like, as both deal with cents, but 
the values of the two expressions differ. 

In the terms 3 ab, 4 ab, and 9 ab the literals, a b, are the 
same in all of them; hence, they are like terms. If the letters 
have the same exponents, they are like terms. Thus, the terms 
3 cd’, 4 cd’, and 6c d’ are like terms, as not alone the letters, 
but also the respective exponents, are alike. It is important 
that this subject of luke terms be well understood, so as to 
avoid serious mistakes in addition and subtraction of terms. 
Remember that lzke terms are those which have the same letters 
affected by the same exponents, though the terms need not have the 
same coefficients. 


32. Unlike Terms.—Terms are unlike if they contain 
different combinations of letters, or if the exponents of the 
letters are not alike. For example, the terms 2a, 135), 
and 27 c¢ are unlike terms, because they contain different let- 
ters. Supposing that a, b, and c represent hours, minutes, and 
seconds, respectively, it is obvious that the sum of the terms 
2 a, 13 6, and 27 c cannot be found by adding the coefficients 
2, 13, and 27, as the sum, 42, would not represent either hours, 
minutes, or seconds. Hence, in adding these terms, the sum 
must be written 2a+136+27c, just as one would write 
2 hours 13 minutes 27 seconds; the plus signs are omitted in 
the latter case but addition is understood. 

The terms 2ab, 5ac, and 3 bc are unlike terms, as each 
one contains a different combination of letters. The terms 
2a2b, 2a°b, 3ab, 7ab?, 4ab', and 5 ab? are all unlike terms, 
notwithstanding the fact that the terms are composed of 
the same letters. They are unlike terms, because the expon- 
ents of similar letters are different in each term. 


33. Addition of Like Terms.—In a term consisting of a 
coefficient aid one or more letters, as 4 a b, the coefficient, 4, 
indicates how many times the quantity a b is to be taken; in 


24 FORMULAS 


this case four times, orab+abtab+ab. Let it be supposed 
that a=2, and b=3; the expression ab is then equal to 2X3 
=6, and the expression ab+ab+ab-+ab would be equal to 
6+6+6+6. The term 4 ab would then be equivalent to four 
sixes. For similar reasons the term 3 ab would be equal to 
three sixes. The expression 4 ab+3 ab would, therefore, be 
equal to four sixes plus three sixes, or seven sixes. Hence, 
4 ab+3 ab may be written 7 ab. Similarly, 5 cd+2 cd 
+14¢disequalto21cd. The principle employed in the pre- 
ceding explanations may be stated as a rule, as follows: 


Rule.—To add like terms, add the coefficients, and to the 
sum annex the common literal part. 


34. Subtraction of Like Terms.—An illustration similar 
to the one given in the preceding article may be used to show 
that the difference between two like terms may be found. 
The difference between 12 cdand9cdis12cd—9cdor38cd, 
just as 7 inches—4 inches is 3 inches. Here the difference 
between the coefficients is found and the common letters are 
annexed. The rule for subtracting like terms is: 


Rule.—To subtract like terms, find the difference between 
the coefficients, and to the difference annex the common I1:teral 
part. 


35. In examples in subtraction it sometimes happens that 
the subtrahend is larger than the minuend. For instance, in 
the expression 5—14, the subtrahend 14 is larger than the 
minuend 5 from which it is to be subtracted. Only 5 of the 
14 units to be subtracted can be taken from 5 and 9 still 
remains not subtracted. To indicate that part of the subtra- 
hend is still to be subtracted a minus sign is written before 9. 
Thus, 5-14=—9. The minus sign shows that 9 is still to be 
subtracted. . 

If the numbers to be subtracted are represented by letters 
vhe minus sign is used similarly. If20b is to be subtracted from 
146, 66 will remain unsubtracted. Thus, 14b—20b=—6b. 
Here the difference between 20b and 146 is found and the 
minus sign is written before it. 
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Rule.—When a subtrahend is larger than the minuend, sub- 
tract the smaller number from the larger and place a minus sign 
in front of the result. 


A term that has a minus sign written before it is often called 
a negative term to distinguish it from a term preceded by a 
plus sign, which is called a positive term. If a term has no 
sign written before it, it is a positive term since the plus sign 
is understood. Thus, 2 ac in the expression 2ac—3 bdisa 
positive term. 


36. If there are several like terms to be combined all the 
terms may be positive or all may be negative or some may be 
positive and some negative. 

If all the terms are positive, use the rule of Art. 33. Thus, 

6 act7 ac+3 actac=17 ac 

If all the terms are negative, combine them as if they were all 
positive and write a minus sign before the sum. The sum of 
—4a, —6a, —2a; and—ais —18a. Thesum is found by first 
getting the sum of 4a+6a+2a-+a, which is 13a, and then 
prefixing a minus sign to the result. 

If some of the terms are positive and some negative, find 
the sum of the positive terms and the sum of the ‘negative 
terms separately. Then combine the two sums by using the 
rule of Art. 84 or of Art. 35. 

An expression which is not made up entirely of like terms 
can often be simplified by combining the terms which are like. 
Thus, to simplify 7?+y+3 «?—2«°?—2,4, add the terms con- 
taining x? and those containing y separately and write the 
results, preceded by their signs, as the terms of an expression. 
First find the sum of the terms containing ?. 

P13 Pt —2 2 =4 PF? -—2 PHD? 
The sum of the terms containing y is y—2 yor —y. Then, 
P+y+3 7-2 0-2 y=2 0? —-y 


EXAMPLE 1.—Find the sum of 2 x*y+4 x*y+3 x*y. 


SoLuTION.—The terms are all like terms and all positive. Therefore, 
apply the rule of Art. 33. The sum of the coefficients 2, 4, and 3 is 9. 
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The common literal part is x°y, which is annexed to 9. Thus, the sum of 
2 xy+4 x2y+3 xy is 9 xy. Ans. 
EXAMPLE 2.—Find the sum of —6a?, —3a?, —1la?, and —a’. 
SoLuTION.—All the terms are like terms and all are negative. There- 
fore, find the sum of the terms as if all were positive and write a minus 
sign before the result. 
6 @2+3 a@4+11 @+a?=21 a? 
Then, —6 a—3 a@—11 @—a@?=—21 a. Ans. 
EXAMPLE 3.—Combine the terms in the following expression: 
2 b—4 b—6 6+8 b+3 b 
SoLuTION.—First combine the positive terms; then combine the nega- 
tive terms. : 
26+8 b6+3b0=136 
—46—6b=—1006 
The last step is to combine 13 6 and —106. According to Art. 34, 
13 b—106=356. Ans. 
EXAMPLE 4.—Combine like terms in the following expression: 
14a0+8¢a6—15ab—9b6c4+14bc—12 bc 


SoLuTIoN.—When the like terms having the same sign are combined, 
the expression becomes 17a 6—15a6+14 bc—21bc;17ab—15ab=2ab 
and 14bc—21bc=—7Tbc. Theresultis2ab—7bc. Ans. 

The rules for combining like terms are applied when the 
coefficients are either fractions or decimals; thus $6+35=b. 
Here the sum of the coefficients ? and $ is # Similarly 
A+.45A=1.45A. Since the coefficient of A is understood 


to be 1, the sum of the coefficients is 1+.45 or 1.45. 


37. Application of Rules.—The preceding rules apply to 
any expressions irrespective of whether they stand alone or 
form parts of an equation. In the following examples the 
various expressions are connected by an equality sign; they 
represent, therefore, equations and the rules in Art. 18 must 
be applied when a term is transposed from one member of the 
equation to the other member. 


EXxamPLe 1.—Add like terms in the equation 4 a+26+3a=8c. 


SOLUTION.—The terms 4 a and 3 a being like terms, they may be added 
by adding tne coefficients; thus, 4a+3a=7a. The equation may now 
be written as follows: 7a+2b=8c. Ans. 


EXAMPLE 2.—Combine the like terms in the equation 16a+46+9¢ 
=8a+2d+7c. 
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SoLuTION.—It is necessary to have the terms that are to be combined 
situated in the same member; according to the rule in Art. 1 8, a term may 
be transposed from one member of the equation to the other by changing the 
sign of the term. Hence, 8 aand7 c may be transposed to the first member, 
where they become —8 a and —7 c; then the equation is written as follows: 

16a—8a+464+9c—7c=2d 

But 16a—S8a=8a, and 9c—7c=2c. Hence, the equation is now 

8a+4b6+2c=2d. Ans. 


ExamPLeE 3.—Combine like terms in the equation 5 a+4% a+4 b-9 5 
=16c—l¥c. 

SoLuTion.—In the first member of the equation the sum of 5 a and 
4 ais 5s a, and +4 b—9 b=—5 8, according to the rule in Art. 353 in 
the second member 16 c—14 c=144 c. The simplified equation may now 
be written: 

5} a—5 b=144.c. Ans. 
EXAMPLE 4.—Combine like terms in the following equation: 
9.13 a—16.42 6=11.47 c—2.93 b—5.25 a+8.32 a 


SoLuTION.—When like terms are transposed to the same side of the 
equation, the equation may be written as follows: 
9.13 a+5.25 a—8.32 a=16.42 b—2.93 6+11.47 


Note.—At the present stage it does not matter whether the terms are transposed 
to the first or to the second member; but, when the conditions are such as to require 
one term to be alone in one member, then the remaining terms must all be transposed 
to the other member. 


In the equation the addition and subtraction of like terms may be 
performed in the following manner: 9.13 a+5.25a=14.38 a; 14.384 
—8.32 a=6.06 a. The difference between 16.42 b and 2.93 6 is 13.49 b. 

The equation in its simplified form is: 

6.06 a=13.49 6+11.47 c. Ans. 


EXAMPLES FOR PRACTICE 


Perform the operations indicated in the following expressions: 


1. 3¢+4c+7/7 c+8 €. Ans. 22 ¢ 

2. ab’+3al?+11a?+13 a 6 Ans. 28 a 0? 

8. 7 a@+a?+13 a—5 a. Ans. 16 a? 

Simplify the following equations: 

4, 7at+2a—3 a=8 b—3 BD. Ans. 6 a=5 6 

5. 9xt4 y—3 s—6 x—6 y+4 s=14—-38. Ans. 3 x—2 y+z2=11 


6. Dx yt2y2—-4x y=15 x 2-6 x2+2 yz. Ans. 5x y=9x2 
235B—3 
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38. Multiplication of Terms.—It has been emphasized that 
unlike terms cannot be added; but either like or unlike terms 
can be multiplied. For example, :f 6 is multiplied by 3, 6 is 
to be taken three times, or 6+6+6. Similarly, if a is multi- 
plied by b, the factor a is to be taken b times, and b may here 
be of any value. In the first case the product is 6X3=18; 
in the latter case it is axb=a b. 

If a term, consisting of a coefficient and one or more letters, 
as 24 ab, is to be multiplied by a number, as 4, the product is 
found as follows: 24abxX4=96ab. That is, the coefficient 
is multiplied by the number in the usual way and the letters are 
annexed to the product. If two terms containing literals, or 
letters, are to be multiplied together, as in the example 14 ab 
8c, the numbers, or coefficients, are multiplied as before, and 
each letter that occurs in either term is annexed to the product. 
The exponent of each letter is the sum of its exponents in the 
terms multiplied together. Thus, the product of 14 ab and 
3acis42a’bc. First 14 is multiplied by 3; the product is 
42. Then the letters a, 6, and c are annexed to 42. The 
exponent of a will be 1+1 or 2. The exponent of each of the 
other letters is 1 and is not expressed. 

It is customary to arrange letters and quantities alpha- 
betically in all algebraic expressions; thus, 4abc rather 
than 4cab or 4bae, etc. Also, write 4 ab+3 act4ad 
rather than place the term containing b after one containing 
enor d. 

If several terms are to be multiplied together the first term is 
multiplied by the second. This product is multiplied by the 
third, and so on. Thus, 11 acX3 ¢cX4b=1382 abc2. First 
11 ac is multiplied by 3 c. The product is 33 ac. Then 
33 ac? is multiplied by 4 b. ; 


39. Division of Terms.—The operation of division may be 
performed with either like or unlike terms. For example, 


16 Fee 
é 


2a°b+3cd? 
be 


(2 a@b+3cd’)+5e= 
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Cancelation should be used whenever possible to simplify 
expressions, A few examples will show the general method to 


be followed. The expression 2. a+2 is equal to = in which the 


_ number 2 is canceled so that only the letter aremains. Hence, 
6a 6 Xa 


2a+2=a. Also 6a+2a may be written — or ote be 
2a 2Xa 
letter a is canceled and 2 is canceled into 6. Thus, Bees 
xa 
Similarly, 
pig eal NOMA SCP b 
2a 2Xa 


If a letter which occurs in both the dividend and the divisor 
does not have the same exponent in both terms it is canceled 
and rewritten in the term in which it had the larger exponent. 
The new exponent is equal to the difference between its 
exponent in the dividend and its exponent in the divisor. Thus, 


8 arb 


8ab+4a= A or 2a?2b 


a 


Here 4 is canceled into 8. The exponent of ain the dividend 
is greater than its exponent in the divisor, so when a is canceled 


it is rewritten in the dividend with the exponent 3—1 or 2. 


EXAMPLES FOR PRACTICE 


1. Multiply 2« by 3y. Ans. 6x4 
2. Multiply 2ac by 4ab. Ans. 8 abc 
8. Multiply 8 ac by 5 bd. Ans. 40 abcd 
4. Multiply 3 a2c by 4c. Ans. 12 @223_ 
5. Divide 2 x by 3 y. Ans. fe 
6. Divide 12 ab by 40. Ans. 3 a 
7. Divide 9 a*c by 3 ad. Ans. a 
6 xy 


8. Multiply 3x by 6y and divide the product by 32. Ans. ‘ 
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PARENTHESIS 


40. Application to Symbols.—The use of a parenthesis, 
brackets, and brace with numbers is explained in Art. 3. 
The rules given apply also to quantities indicated by letters. | 
The expression (a+b) Xc, or (a+b)c, may be interpreted in 
two different ways. Thus, (a+b)c may be said to mean either 
that the sum of a and b is to be multiplied by ¢ or that each 
term within the parenthesis is to be multiplied by c and the 
products added. The value of the result is the same in either 
case as may be seen from the following example: 

If a=4, b=5, and c=3, then (a+b)c=(4+5) X3 or 9X3, 
which is 27. If the expression is read in the other way, then 
(a+b)c=(4+5) X38 =4X38+5X3=12+15 or 27. The expres- 
sion (a—b)c also may be interpreted in two ways as, for 
instance, that b is to be subtracted from a and the remainder 
multiplied by c or that a and b are each to be multiplied by c 
and the last product subtracted from the first. 


41. Removal of Parentheses.—It has just been shown how 
a parenthesis is removed when it encloses a factor of a term. 
A quantity in a parenthesis may make up a whole term of an 
expression. Then only addition or subtraction is indicated 
and the parenthesis must be removed in such a way that the 
indicated operations of addition or subtraction will be per- — 
formed. If the numbers 42, 10, and 8 are added, the sum is 
60; that is, 42+10+8=60. Ifthe sum of 10 and 8 is added to 
42, the sum is also 60; that is, 42+(10+8)=60. Hence, 
42+(10+8)=42+10+8. In the same way, a+(b+c)=a 
+b+c. 

Again, if 42 and 10 are added together and 8 is subtracted 
from the sum, the result is 44; that is, 42+10—8=44. If 8is 
subtracted from 10 and the remainder is added to 42, the 
result is also 44; that is, 42+(10—8) =44. Hence, 42+(10—8) 
=42+10—8. Ina similar manner, a+(b—c)=a+b—c. 

From the preceding examples it is seen that, if a paren- 
thesis is preceded by a plus sign, addition is indicated and 
the parenthesis may be removed without changing the 
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value of the expression. From this the following rule is 
formulated: 


Rule.—If an expression, indicating addition and subtraction 
only, contains a parenthesis preceded by a plus sign, the paren- 
thesis may be removed without changing any signs. 


42. If the parenthesis is preceded by a minus sign sub- 
traction is indicated. For example, in the expression 42 
—(10+8) the sum of 10 and 8 is to be subtracted from 42. The 
result is 24. That is, 42—(10+8)=24. Compare the result 
obtained with the value of the expression 42 —10—8, where 10 
is subtracted from 42 and then 8 is taken from the remainder. 
This result also is 24. Hence, 42—(10+8)=42—10—8. For 
similar reasons, | 

a—(b+c)=a—b—c 

Again, if the remainder obtained by subtracting 8 from 10 
is subtracted from 42 the result is 40. That is, 42—(10—8) 
=40. If10issubtracted from 42 and 8 added to the difference 
the result is also 40. That is, 42—10+8=40. Hence, 42 
—(10—8) =42—10+8. Similarly, 

a—(b—c)=a—b+c 
From these examples the following rule is derived: 


Rule.—T/f an expression, indicating addition and subtraction 
only, contains a parenthesis preceded by a minus sign, the 
parenthesis may be removed, if the sign of every term within 
the parenthesis 1s changed. 


EXAMPLE.—Remove the parentheses from the expression (a+b—2 c) 
—(a—b—4c) and perform the required operations of addition and sub- 


traction. 


SoLuTION.—As any quantity is supposed to be preceded by a plus 
sign, unless another sign is indicated, the first parenthesis is supposed 
to have a plus sign in front of it. The parenthesis may, therefore, accord- 
ing to the rule in Art. 41, be removed without changing the signs of the 
enclosed terms. The second parenthesis is preceded by a minus sign, 
hence, on removing the parenthesis, the signs of the enclosed terms must, 
according to the last rule, be changed. The first term a@ in the second 
parenthesis has a plus sign, understood, and when the parentheses are 
removed the two quantities will appear as follows; a+b-—2c—a1-b+4c. 
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It is to be noted that the second letter a now has a minus sign, instead 
of its original plus sign, and that the terms } and 4 ¢ have plus instead of 
minus'signs. 

The like terms may now be combined. Thus, a—a=0; b6+b=2 b, and 
4c¢—2c=2c. The simplified expression will have the following form: 


26+2c. Ans. 


43. The parenthesis cannot be removed according to the 
rules of Arts. 41 and 42 if the expression involves multiplica- 
tion, unless each of the terms within the parenthesis is first 
multiplied by the factor outside the parenthesis, as explained 
in Art. 40. For example, take the expression (8+7) X4. 
This means that the sum of 8 and 7, or 15, is to be multiplied 
by 4, and the result is 60; also, 4X8+4X7=60. Now, if 
the parenthesis were dropped without performing the multi- 
plication, the expression would become 8+7X4, which is 
equivalent to 8+28=36, showing that the dropping of the 
parenthesis without performing the multiplication indicated 
alters the value of the expression and thereforeisincorrect. In 
other words, the parenthesis cannot be omitted from such an 
expression as (a+b)c unless both a and b be multiplied by c. 
Similarly, the parenthesis cannot be omitted from the expres- 
sion 160—4X(86—28). As it stands, this expression indicates 
160—48=160—32=128. But if the parenthesis were 
omitted, and the sign changed, the equation would become 160 
—4X36+28 = 160—144+428=44, which would be altogether 
wrong. 

Therefore, the rules in Arts. 41 and 42 must not be applied 
if the expression in parenthesis is multiplied by any term. The 
rules are applicable only to cases such as have been illustrated 
in Arts. 41 and 42. 


EXAMPLES FOR PRACTICE 


Remove the parentheses from the following expressions and combine 
like terrhs: 


1. (a+b—2c)—(a—b—c). Ans. 2 b—c 

2. (3 e+4 f—5)+(2 e—5 f+1). Ans. 5 e—f—4 

3. (2 a+b)—(a—b)+(a—2 B). Ans. 2a 

4. (1426-9 4b)+(9 b—12 b)—(13bc—7 bc). Ans. 5 ab—3 b—6 bec 
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EQUATIONS WITH ONE UNKNOWN TERM 


44, Preliminaries—In the preceding pages of this 
Section the elements of equations have been described in detail, 
and also the means by which these elements may be combined 
or transposed to the different parts of the equation. In the 
equations that have been dealt with hitherto, the terms had 
known values, and the advantages of using equations could, 
therefore, not be displayed. But, since the necessary informa- 
tion by which to manipulate equations has been obtained, it 
is now possible to take a step farther and to describe their 
application. 


45. Elementary Equations.—The fundamental parts of 
an equation are the two members connected by an equality 
sign, as 2+3=5. 

If one of the terms of an equation is removed or covered, 
the required conditions of equality will be a means for ascer- 
taining what its value must be. Thus, suppose the black circle 
in the following equation represents a coin covering one of the 
terms of the equation 

3+5+ @=10+7 

The fundamental requirement of an equation is that both 
members must be of equal value; therefore, the value of the 
first member must be equal to that of the second member, or 
10+7=17. The sum of 3 and 5 in the first member is 8, and 
the number covered must therefore be 17—8=9. The com- 
plete equation is 


3+5+9=10+7 


46. In the following equation the second term is hidden 
and its value is to be found: 
42—@=18X3-—30 
The value of the second member is equal to 54—30=24. 
As the first member must have the same value, the hidden term 
must be 42—24=18, and the complete equation is 
42—18=18X3—30 
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In the following equation the denominator of the first mem- 
ber is hidden, and must be found: 


The value of the second member is 56—40=16, and the 
unknown number must be such that when divided into 32 the 
quotient will be 16; that is, the product of the unknown num- 
ber and 16 is 32. Therefore, the unknown number must be 
32+16, or 2, and the complete equation is 


or, 16=16 


47. Symbol for Unknown Term.—In all equations it 
is customary to indicate the position of the unknown term by 
means of a letter, and for this purpose the letter x is in general 
use. Thus, if the sum is to be found of the numbers 5, 3, 9, 
and 2, they may be arranged to form an equation by letting the 
letter x represent the unknown sum. Or, 


*~=5+3+9+42 
On performing the addition, the sum is found to be 19. 
Hence, *=19 


In this example the unknown term x constitutes the first 
member of the equation and the known terms the second mem- 
ber. This is the most convenient arrangement for finding the 
value of an unknown term x, and the various transformations 
to which an equation is subjected aim to separate x from the 
other terms. 

If x is used for the hidden or unknown term in the first 
equation in Art. 46, the equation is 

42—x=18X3—30 
Then, as has been shown, 


x=18 
The next equation would be 
sie 56 —30—10 


if x were written for the hidden term. Here x=2. 
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48. Solving an Equation.—An equation is said to be solved 
when the value of the unknown quantity is found. The 
unknown quantity will then make up one member of the 
equation. 

An equation that is to be solved may be stated so that some 
of the terms containing the unknown quantity are in one 
member and some in the other; then, the first step in solving 
is to transpose so that all the unknown terms are in the first 
member and all the others are in the second. The rule to be 
used is givenin Art. 18. Next, the like terms are combined; 
then both members of the equation may be divided by the 
coefficient of x. For example, to solve the equation 

20+5 «—18=10+3 x 

the first step is to transpose the terms so that 5 x and 3 x will 
make up the first member and 10, 20, and 18 will be in the 
second member. Since the sign before 3% is plus, the sign 
will become minus when 3 x is written in the first member, 
similarly, the sign of 20 will become minus and the sign of 18 
plus when these terms are written in the second member. 
After the terms are transposed the equation is 


5x—3 x=10—20+18 


The terms in each member are combined. 


54%—-3"%=2% 
and 10—20++18 or 10+18—20=8 
Then, 2x%=8 


When the first member is divided by 2, the coefficient of x, 
it becomes “ or x; thus, by performing this division, « may be 


made the first member. If the first member is divided by 2. 
the second member must also be divided by 2; the equation 


then becomes 
x=4, Ans. 


49. Clearing an Equation of Fractions.—When an equa- 
tion contains a fraction in which the unknown quantity is 
one of the terms, it must be changed so that the fracticn does 
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not appear. This process is called clearing an equation of 
fractions and since it is most important it must be thoroughly 
understood. The principle on which the process is based 
will be explained by means of an example, Suppose, for 
instance, that the value of x is to be found in the equation 


It has been explained that both members of an equation may 
be multiplied by the same number without destroying the 
equality of the members. If both members of this equaticn 
are multiplied by a number that will contain each denomi- 
nator without a remainder, as 6, 12, or 18, the denominators 
can be canceled. If 6 is used as a multiplier, the equation 
becomes 


oe ue 
6X—+6xX-=6X25 
af 3 


or, 3x +2x«=150 
Gp lO) 
gee BO, Aas. 


In this example, 6 is the least common denominator one 
2 


and 5 and in clearing an equation of fractions the least 12umber 


that can be used as a multiplier is the least common denomina- 
tor of all the fractions in the equation. The method of find- 
ing the least common denominator is explained in a preceding 
Section. 


Rule.—Any equation can be cleared of fractions by multi- 
plying both members by the least common denominator of the 
fractions. 

EXAMPLE 1.—Find the value of x in the equation = 2b = 45. 

SoLuTIoN.—According to the rule, both members are multiplied by 
the least common denominator, which is equal to 3X5=15. Thus, : 


Soe ise 
3 Hi) 


=15X45 
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The denominators may now be canceled by dividing the numerators 
by 3 and 5, respectively; thus, 


5X2 4+3 «=15X45 
or 10 x+3 «=15X45 
lsc l5 X45 


15X45 
aah =5132. Ans. 


x 


EXAMPLE 2.—Solve the equation at = 848 to find the value of x. 


SOLUTION.—The equation is multiplied by the least common denomi- 


15 
nator, which is 15. Thus, 15X2«-+ 7 = 15X$+15x$. 


The next step, which is to show the cancelation, may be omitted, but it is 
given here to show more fully what is done. 


3 5 3 
1px 2 3 
15x2 SS = = = 
X2x+ 5 18X51 1BXe 
or, 15X2*+3 *«=5xX2+3xX3 


Next perform the multiplications. 
30*+3x=10+4+9 
33x*%=19 


i 
EXAMPLE 3.—Find the value of x in the equation a =47—2 x. 


SoLuTION.—The least common denominator is 12, and when all the 
terms are multiplied by 12, the equation is 
12 (w-+1) 12X2« 
3 4 
from which, by cancelation, 
4 (x+1)+38X2x=564—24x% 
When the parenthesis is removed and the necessary multiplications 


are performed, 4*+4-+6 x= 564—24 x. 
The terms —24x and 4 are now transposed and their signs changed: 


thus: 


=12X47—-12XK2x 


44+64+24 x=564—4 


When like terms are combined, 


34 «= 560 
560 
from which PS ead 16;8,. Ans. 


32 «18 


EXAMPLE 4.—Find the value of x in the equation —~=—. 
Ree) 5 
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Sotution.—The least common denominator here is the product of 
the two denominators, or (x-+3)x. When each term of the equation is 
multiplied by this quantity the result is 

32 (x+3) x 18 (x+8) x 
pay ae 

The common factor x+3 can be canceled from the numerator and 
denominator of the first member and the common factor x can be similarly 
canceled from the second member. The equation will then be 

32 x=18 (x+3) 

When the terms in the parenthesis are multiplied by 18, the equation 

oecomes 
32 x«=18 x+54 

When the term +18. is transposed to the first member it becomes 

—18 x and the equation then is 


382 x—-18 x=54 
from which 14 «=54 
and x=312=38. Ans. 


50. Order of Steps in Solving Equations.—When, in 
solving an equation, it is necessary to perform all the different 
steps just described, the order in which they are taken is as 
follows: 

1. Clear of fractions. 

2. Transpose terms. 

3. Combine like terms. 

4. Divide both members of the equation by the coefficient 
of the unknown quantity. 

Sometimes the terms are transposed before the equation 
is cleared of fractions, as in the following example 2. 


EXAMPLE 1.—Find the value of x in the equation 9«-—9=5x-+7. 


SoLuTIon.—It was stated in Art. 18 that if a term is without a sign 
a plus sign is understood; thus, 5 x and 9 x represent +5 x and +9 x. 

When the unknown terms are transposed to the first member, the 
known terms to the second member, and the signs of the transposed terms 
are changed, then 


9x—-—5x=74+9 
from which 4x%=16 
and x=4. Ans. 


EXAMPLE 2.—Find the value of the unknown quantity y in the equa- 
tion 643 y=8+44 y, 
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SoLuTION.—The unknown term 4 y is first transposed to the first 
member, and the known term 6 to the second member, both with signs 
changed, and the equation is then 

29-3 Y=8—6=2 

The members are now multiplied by the least common denominator, 

which is 6. Thus, 
6X4 y—6 X4 y=6X2 

By cancelation, 3 y—2y=12 

from which y=12. Ans. 


EXamMPLE 3.—An iron pipe 42 feet long is cut into two parts, one 
being 5 times as long as the other. How long is each part? 


SoLuTIon.—If the shorter part is indicated by x, the other part must 
be 5.x, as it is five times as long as the short part. The sum of these 
parts, or 5x+, must be equal to the total length of the pipe, or 42 feet. 
Hence, the equation is written as follows: 


5x+x=42 
from which 6x%=42 
42 
and a a =f tt, 


The shorter part is therefore 7 ft., and the longer part 5X7=35 ft. Ans. 


EXAMPLE 4.—Find the value of x in the following equation: 


mae) 8 
SoLuTION.—-To clear of fractions the members are multiplied by the 
common denominator (x+5) x; thus, 
46 (x+5) «23 (x+5)x 
ey S 59 
The factor x +5 is now canceled from the fraction of the first member 
and x from the fraction of the second member, giving 


46 «=23 (x +5) =23 «+115 
The term +23 « is now transposed; thus, 
46 x—23 *«=115 
from which 234%—105 


and 1 rATIS. 
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EXAMPLES FOR PRACTICE 


1. Find the value of the unknown quantity x in the following equations: 


(a) 11*+14=56—3x. @ «=3 
(b) 27x—127=11—19x. (b) x=3 
(c) 3x4+4 «+5x=6x+72. (Ge), eS 
(@ 22-344. Ans.) (d) x= 14 
64 42 
QO —S== (e) x=14 
xt4 
2. If x+3a=81, and a=17, what is the value of x? Ans. x=30 
3. Find the value of x in the equation atten al. Ans. x=60 
4, When 3 x+2 a=2 a+24, what is the value of x? Ans. x=8 


51. Stating a Problem in the Form of an Equation.—The 
method to be adopted when a problem is to be stated in the 
form of an equation is shown by the following examples: 


EXAMPLE 1.—What number must be added to 9 to give a sum of 21? 


SOLUTION.—Let x represent the unknown number; the equation may be 
stated as follows: 
9+x=21 
Here, 9+x is the first member and 21 the second one. The equation 
may be solved by transposing the terms so that x stands alone on one 
side of the equality sign. When 9 is transposed to the second member, 
its sign is changed; the result will be 
x=21—9 
or, x=12. Ans. 
Because of the simplicity of the equation, it may also be solved by 
inspection. In this equation the value of x must be equal to the difference 


between 21 and 9, or 12, and if x is replaced by 12, the equation is solved, 
as 9+12=21. It follows that x=12. 


EXAMPLE 2.—What number must be added to the sum of 24 and 9 
to give a sum equal to that of 38 and 5? 


SoLuTIoNn.—If the first sum and x are placed in the first member and 
the second sum in the second member, the equation will be as follows: 


244+9+%=38+5 
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In this example the number of terms is too great to find the value 
of x conveniently by inspection. It is therefore preferable to transpose all 
the terms, except x, to the second member. It is necessary to change the 
signs of 24 and 9; the equation will then have the following form: 

x=38+5—24—9 

When terms with like signs are combined, x=43—33; and when 33 is 
subtracted from 438, the difference is 10; hence, 

x*=10. Ans. 

That the solution is correct may be proved by substituting 10 for a 
in the original equation; thus, 

24+9+10=38+5 
or, 43 =43 


EXAMPLE 3.—A number when decreased by 9 is equal to 8. What is 
the number? 


SoLuTiIon.—If x is the unknown number, the problem means that if 
9 is subtracted from x, the difference is 3. The equation is, therefore, 


x—9=3 
or, x=3+9 
from which x—125 Ans: 


EXxampLe 4,—If 225 tons of coal were shipped on Tuesday, and the 
quantity was three times as much as that shipped on Monday, how much 
was shipped on the latter day? 


SoLuTION.—The unknown quantity « must be multiplied by 3 to be 
equal to the known amount, 225 tons. Hence, 
3 x= 225 
By the rule in Art. 21, both members are divided by 3, and 
3x 225 
HS ies 3 
When 38 is canceled in the first mémber the equation is 
ees 


3 
or, C—OLUOMS ATIC. 


EXAMPLE 5.—If 8 is added to the product of 9 and an unknown number, 
the sum is 71. Find the unknown number. 


SoLuTION.—If 8 is added to the product of 9 and the unknown numbei, 
or to 9 x, the sum is 71. Hence, the equation is as follows: 
9*+8=71 
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The number 8 is transposed to the second member; thus, 
9x=71-—8 
In order that x may be alone in the first member, both members are 
divided by 9. Hence, 


9x 71-8 
ns 
71-8 63 
or, hear Ver Ans. 


APPLICATION OF FORMULAS 
SOLUTIONS OF SIMPLE STANDARD FORMULAS 


SUBSTITUTION IN FORMULAS 


52. Application of Standard Forms of Formulas.—The 
formulas used in mathematical work are equations that express, 
briefly and concisely, rules or methods that would be difficult 
to understand and apply if expressed in words. When a 
formula isexpressed sothat the letter representing the unknown 
quantity in the problem is the only letter in the first member 
of the equation, the application of the formula is simple. It 
is then necessary only to substitute the given values for the 
other letters and to perform the indicated operations. 

In several of the preceding articles simple substitutions 
which illustrate the method have been made. These show 
that the given values are written in place of the letters. Care 
must be taken to indicate the correct operations between the 
numbers. It must be remembered that when two letters are 
written together with no sign between them multiplication is 
really indicated. For example, ab means aXb and if a=5 
and b=4, ab=5X4 or 20. If a letter has a coefficient, a 
multiplication sign must be written between the coefficient and 
the number which is substituted for the letter. Thus, if a=8, 
4a=4X3 since 4a means 4Xa. Similarly, 6a?=6X32 or 
3X3 X3. 
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The following rule is applied in mensuration: ‘“The volume 
of a pyramid or a cone equals the area of the base muitiplied 
by one-third of the altitude.” This rule may be expressed by 
a formula, as follows: 


Va 
eae 
in which V =volume, in cubic inches; 


a=altitude, in inches; 
b=area of base, in square inches. 

Or, if a is taken as the altitude in feet and b as the area 
of the base in square feet, then V will be the volume in cubic 
feet. 

Suppose the area of the base of a pyramid is 8 square inches 
and the altitude is 6 inches. The volume is found by sub- 
stituting 8 for b and 6 fora. Then, 

= 9X8 _16 
3 


That is, the required volume is 16 cubic inches. 


EXAMPLES FOR PRACTICE 


1. Find the value of A in the formula A =bh, for the following cases 


@ b=9, h=7. in ste 63 

(b) b=17,h=9. OS) (b) 153 
2. Given that A=} 4b+4 hb’. Find the value of A when 

(a) b=5, b’=7, and h=4. 7s: es 24 

(Oo — Ono —Seandiy—o: “{(d) 35 


3. If a=1, b=3, and c=5, find the value of the following: 


(a) @420243¢. fe ie 94 
(b) a@?+2ab+0 te 


TRANSFORMATION OF FORMULAS 


58. Formulas Requiring Transformation.—The formula 

- stated in the preceding article gives the volumeof a pyramid or 

a cone, but the volume and the altitude may be known and it 

may be necessary to find the area of the base. For instance, 

it might be necessary to find the area of the base of a cone 
235B—4 
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which is 18 inches high and which must contain 10 cubic inches. 
Then V and a are the known quantities and b is to be deter- 


mined. The formula 
ab 
W F (1) 
must then be transformed so that the symbol b is alone on one 
side of the equality sign, preferably at the left. To make this 
transformation, or to solve the equation to find the value of b, 
the order of steps given in Art. 50 is followed. First clear the 
equation of fractions by multiplying both members by 3. 
Then, 
3V=ab 
Next divide both members by a, the coefficient of b. The 
formula then becomes 
ole 
a 


on po) a 
a 


b 


From this formula, the area of the base may be found, if 
the volume and the altitude are known. 

Should it be necessary to calculate the altitude of a pyramid 
with a given volume and base area, formula 1 must be trans- 
formed so that the symbol a constitutes the first member of the 
formula. 

The various steps to be taken are the same as in the preced- 
ing case. Thus, both members are multiplied by 3; then 


3V=ab 
Both members are next divided by b, and the formula is 
3V 
—=a 
b 
or, a= = (3) 


‘Formula 1 is thus used as a basis for developing two new 
formulas to serve other conditions. 


EXAMPLE.—The volume of a pyramid must be equal to 220 cubic inches. 
If the altitude is 18 inches, what must be the area of the basef 
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SOLUTION.—By formula 2, with the given values, V=220 and O=18; 
substituted, the formula is: 


53X20 
7 oe 


: 220 
from which ay = 36.67 sq. in., nearly. Ans. 


54. Scope of Examples.—A series of examples will now 
_be given showing how transformations are made in some of 
the formulas that may be encountered in succeeding Sections. 
It is to be borne in mind, however, that these formulas 
are chosen merely as examples to show how they and 
similar formulas may be transformed; no knowledge of the 
practical application is required in connection with the 
examples. 

These formulas are to be studied simply as illustrations of the 
way in which the principles of solving equations are applied in 
transforming formulas. The use of any particular formula 
will be explained in detail in the Course with which it is 
connected; therefore, no attempt need be made at this time 
to understand its application or the technical terms connected 
with it. 


FORMULAS RELATING TO ELECTRICAY AND STEAM 
ENGINEERING 
55. Ohm’s Law.—One of the fundamental formulas of 
electrical engineering is known as Ohm’s law, which states 
the relations between the strength of an electric current, its 
pressure, or electromotive force, and the resistance of the 
electric circuit. 
Let I=current strength, in amperes; 
E =electromotive force, or pressure, in volts; 
R=resistance, in ohms. 


E 
Then, [=— 1 
en R (1) 
If both members of the equation are multiplied by R, then 


np aees 
R 
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By cancelation, IR=E 
or, H=IR (2) 
If the members of formula 2 are divided by J, 
HOEK 
rea 
: E 
By cancelation, 77 = 
E 
or, R= 7 (3) 


EXAMPLE 1.—The electromotive force of a current is 3 volts. If the 
resistance of the electric circuit is 15 ohms, what is the current strength, 
in amperes? 


E 
SoLution.—By formula 1, I =F and, with the known values sub- 
F 3 
stituted, J a is .2ampere. Ans. 


EXAMPLE 2.—What is the resistance of an electric circuit in which a 
pressure of 110 volts produces a current of 10 amperes? 


iz; 1UKG) 


EXAMPLE 3.—In an electric circuit of 8 ohms resistance flows a current 
of 6 amperes. What is the pressure, or electromotive force? 


SoLuTion.—By formula 2, H=J R=6X8=48 volts. Ans. 


56. Steam-Engine Formula.—The rule for finding the 


horsepower of a steam engine is generally given in the following 
form: 


Rule.—The horsepower of an engine equals the product of 
the average steam pressure on the piston, in pounds per square 
inch, the length of the stroke, in feet, the area of the piston, 


in square inches, and the number of strokes per minute, divided 
by 83,000. 


This is a very simple rule and easy to remember, yet it is 


more common to express it as a formula, which is usualiy 
written thus: 


_PLAN 


H a 
33,000 


(1) 
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where H=horsepower of engine; 
P=average steam pressure per square itich of piston; 
L=length of stroke of piston, in feet; 
A =area of piston, in square inches; 
N =number of working strokes of piston, per minute. 

The number 33,000 is known as a constant, because it is a 
fixed value used in power calculations. Various constants are 
employed in formulas. 

In order that the horsepower of an engine may be found, it is 
necessary to know the-average steam pressure per square inch 
of the piston; the area of the face of the piston, in squars 
inches; the length of the stroke of the piston, in feet; and the 
number of working strokes of the piston, per minute. In 
problems relating to the steam engine, the stroke is often given 
in inches and then it must be reduced to feet, by dividing by 12, 
when used in the formula. The number of revolutions per 
minute is usually given instead of the number of strokes, in 
which case the number of revolutions must be multiplied by 
the number of working strokes per revolution, which depends 
on the design of the engine. Unless otherwise stated, an 
engine is assumed to be a double stroke engine; that is, the 
number of working strokes per revolution is 2. It is also 
customary to give the diameter of the cylinder instead of its 
area. As the piston is‘circular, its area must be found from 
the rule given in a preceding Section, namely, the area of a circle 
1s equal to .7854 times the square of the diameter, which is more 
easily remembered as the formula, 

A =.7854 D? (2) 
in which A =area of circle, in square inches; 
D=diameter, in inches. 


EXxaMPLe.—What is the horsepower of an engine, if the piston is 20 
inches in diameter, the stroke 36 inches long, the average steam pressure 
40 pounds per square inch, and the engine makes 80 revolutions per 
minute? 


SoLuTION.—In order to apply the formula for horsepower, it is first 
necessary to find the area of the piston. By formula 2, A=.7854 D* 
= .7854X 20 20=314.16 sq. in. JL, the length of the stroke, must be 
reduced to feet; hence, /=36+12=3 ft. The number of strokes per 
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minute NV is 80X2=160. P=401b. persq.in. Hence, when these known 
values are substituted in formula 1, 
403 X 314.16 x 160 
i 33,000 


ssi) Tah 12, ANSE 


57. Transformation of Steam-Engine Formula.—Some- 
times the horsepower of the engine is given, and likewise 
the average steam pressure, the length of the stroke, and the 
number of revolutions per minute, and it is required to find 
the diameter of the steam cylinder. In that case, formula 1, 
Art. 56, must be transformed so that the area A, which gov- 
erns the diameter, will be in the first member, or on the 
left-hand side of the formula, and the other terms on the right- 
hand side. 

Both sides of the formula are multiplied by 33,000 and 

33,000 H=PLAN 

If the second member is divided by PLN, it becomes 

eel AN 

Pee 
P LN to make A the only letter in the second member. The 
formula then becomes 

33,000 H _ 

PLE 
__ 33,000 H (1) 

PIN 

The area can now be found from formula 1, and the diameter 
by using formula 2, Art. 56. It is more convenient, how- 


ever, to substitute .7854 D? for A in the formula just found; 
thus, 


or A. Therefore, both members are divided by 


or, 


33,000 H 
Tera 


Since D is to be found, divide both members by .7854; the 
coefficient in the second member will be 33,000-+-.7854 or 


1854 D? = 


; ; tv 
42,017 and the literal part will be ran Therefore, 


mae OU, 
PLN 
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The square root of both members is now extracted. 


42,017 H 
Do LN 


The square root of 42,017 is 205, nearly; hence, 


an Lous 
=205\/ px (2) 


This is read D equals 205 times the square root of H over 
TEEN 


ExamMPLe.—What should be the diameter of the cylinder of a 100-horse- 
power steam engine to work with a mean effective pressure of 42 pounds 
per square inch, a stroke of 30 inches, and make 100 revolutions per minute? 


SoLuTIon.—Here H=100, P=42, L=28=2.5, and N=2X100=200. 
When these values are substituted in formula 2, it becomes 


D=2054| 4 =905 (ee 
12 JE IN, 422.5 >< 200 


The first step is to simplify the fraction under the radical sign. 


D= 205] ze = 205 ¥.004762 


422.5 X 200 
= 205 X.069 = 14.145 in., nearly. Ans. 
In practice, the nearest common fraction of an inch would be chosen 
instead of .145, as $, and the answer would be 14 in., nearly. 


58. Suppose it is required to transform formula 1, Art. 
56, so that the value of N may be found, if the other quanti- 


ties are known. 
PEA N 


33,000 


First multiply both members of the formula H= 


by 33,000; thus, 
30,0007 = PLAN 
To obtain N alone on one side of the equality sign, divide 
both members by P L A; thus, 
38,000 H.-P LAN 
PIA. PLA 
33,000 H _ 
Pil. 
_ 33,000 H 
nee rTA 


By cancelation, 


(1) 


or, 
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EXAMPLE.—The piston area of a steam engine is 78.54 square inches, 
the mean effective pressure is 40 pounds per square inch of piston, and 
the length of stroke is 1} feet. If the engine is to develop 60 horsepower, 
what must be the number of strokes per minute? 


SoLuTION.—Here H=60, P=40, L=i4, and A =78.54, and when these 
known values are substituted in formula 1, it becomes 
33,000 X 60 


=——_, -— = 504.2 strokes per minute. Ans. 
40 X14 X78.54 


FORMULAS RELATING TO MENSURATION AND MINE 
VENTILATION 
59. Area of a Triangle.—A good example of a formula 
using powers and roots of numbers is shown in the follow- 
ing formula for finding the area of a triangle when the three 


sides are known: 
At aaa? -(- +b?— =) 


in which A=area of triangle; a, }, os c=lengths of sides. 
If a, b, and ¢ are in inches, A will be in square inches; and 
if a, b, and ¢ are in feet, A will be in square feet. 
A simpler formula which will give the area of a triangle is 
A= s(s—a) (s—b) (s—c), in which A, a,b, and c have the same 
a+tb+e 


meaning as in the preceding example and s=————_._ To 


illustrate the use of powers the following example will be 
solved by the more complicated formula. 


EXAMPLE.—What is the area of a triangle whose sides are 21 feet, 
46 feet, and 50 feet long? 


SOLUTION.—It makes no difference which side is represented by a, b, 


or c; hence, let a represent the side 50 ft. long; 0, the side 46 ft. long; and . 
the side 21 ft. long. Then, by the formula, ; 


Anglo (Ste* 2 ee 50°+-462—21°\ 
2 2b 2 2X46 


46 2,500-+2,116—441)\? 
ary 2,500 ( nce st) =23 2,500 (82°) 


92 92 


=23 V2,500— (45.38)? = 23 V2,500—2,059.34=23 440.66 
= 23 X 20.992 = 482.8 sq. ft., nearly. Ans. 
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The operations in this example have been extended much 
further than is necessary, in order to show every step of the 
process. It will be found instructive to change the numbers 
of the different sides so that a represents either the 21- or 
the 46-foot side and b and c the other sides. The values so 
taken can then be substituted in the formula and the operations 
performed as before; the answer will be the same as that already 
found with a slight variation depending on the number of 
decimal places to which the results are carried. 


60. Area of a Segment of a Circle.—A formula for finding 
the area A of a segment of a circle is A = 48 P— 60s, .608, where 


h is the height of the segment and D is the diameter of the 
Circle: 


EXAMPLE.—Find the area of a circular segment if the height h equals 
18 inches and the diameter D of the circle equals 60 inches. 


SoLuTION.—Here h=18 and D=60. When these values are substituted 


in the formula, 1t becomes 
2 18? 
ms “pve —— .608 


First find the numerical value of — .608 and then extract its square 


root. 
60 
ig — .608 = 3.333 — .608 = 2.725 
N22 — 1265 
18? : 4X324 


4 
Next find the value of This equals = 432. 


Then, A=482X1.65=712.8 sq. in. Ans. 


61. Mine-Ventilation Formulas.—In calculations relating 
to mine ventilation it is necessary to ascertain the quantity 
of air flowing per minute through an airway under certain 
conditions. The rule to be applied is as follows: 


Rule.— The product of the sectional area of airway, im square 
feet, and the velocity of atr-current, in feet per minute, equals 
the quantity of air in circulation, in cubic feet per minute. 
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The rule written as a formula is, 
é q=av (1) 
in which g=quantity of air in circulation, in cubic feet per 
minute; 
a=sectional area of airway, in square feet; 
v=velocity of air-current, in feet per minute. 
EXAMPLE.—What quantity of air will be delivered per minute through 
a 6X8’ airway, if the air travels at the rate of 500 feet per minute? 
SoLuTIon.—By the preceding formula, in which the following known 


values are substituted, namely, a=6X8=48 sq. ft. and v=500, it is found 
that q=a v=48 X500 = 24,000 cu. ft. per min. Ans. 


62. If it is required to find the velocity of the air-current, 
when the sectional area of the airway and the circulating 
volume of air is known, formula 1, Art. 61, must be trans- 
formed in the following manner: 

Divide both members of the formula g=av by a; thus, 

q_av 
Goan 
Cancel a in the second member, and 


or, v= 


Examp_e.—lIf the quantity of circulating air is 24,000 cubic feet per 
minute and the airway is 6 ft. X8 ft., what is the velocity of the air-current, 
in feet per minute? 


SOLUTION.—By substituting in the formula a value for g=24,000 and 
for a=6X8=48, 


24,000 
= =6500 ft. per min. Ans. 


v 


63. The rubbing surface of an airway is the entire inner 
surface of the airway composed of the roof, floor, and sides. 
It is estimated in square feet. To find the area of this rubbing 
surface the following rule is used: 


Rule.— The area of the rubbing surface of the entire airway 
equals’ the perimeter, that is, the distance around the cross- 
section of the arway, multiplied by the length of the airway. 
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The formula for this rule is 
s=lo 
in which s=area of rubbing surface, in square feet; 
l=length of airway, in feet; 
o=perimeter, in feet. 


EXAMPLE.—What is the area of the surface of an airway 6 ft.X8 ft. 
and 1,250 feet long? 


SOLUTION.—Here 0=6+6+8+8= 28 ft.; that is, the distance around 
the section of the airway equals the sum of the lengths of its four sides. 
‘The length 7=1,250 ft. When these values are substituted for o and J in 
the formula, s=1,250 X28 =35,000 sq. ft. Ans. 


64. The pressure necessary to produce a certain velocity 
of air-current in an airway of given dimensions is as follows: 


Rule.— The pressure, in pounds per square foot, required to 
produce a given velocity of the atr-current, equals the product 
of the coefficient of friction, the area of the rubbing surface of 
the airway, and the square of the velocity of the flow, divided 
by the sectional area of the airway. 

The rule, given as a formula, is 

ks v® 


a 
in which p=ventilating pressure, in pounds per square foot; 
k=coefficient of friction, which for mine passages 
may be taken as .00000002; 
s=rubbing surface, in square feet; 
v=velocity of air-current, in feet per minute; 
a=sectional area of airway, in square feet. 
It should be noted that s, v, and a of this formula represent 
the same quantities as similar letters in Arts. 61 and 63. 


EXAMPLE.—What pressure is required to produce a circulation with 
a velocity of 500 feet per minute in an airway 6 ft. x8 ft. and 1,250 feet 
long? 

SoLution.—Here k=.00000002, s=/o=1,250X28=35,000 sq. ft., 
v2 =500X 500 = 250,000, and a=6X8=48 sq. ft. Hence, by the formula, 


p= -00000002 un 250,000 = 3.646 lb. per sq. ft. Ans. 
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65. At times no one formula is in a suitable form for find- 
ing a required quantity; that is, the known quantities are not 
entirely the same as those required by any formula. In such 
cases it may be necessary to combine two or more formulas to 
get one in a form suitable for employing the known quantities. 


FeSO 5 me 
For example, the formula pee! requires the quantities 
a 


a, s, and vto be known. If, now, instead of s and v, the quan- 
tities 1, o, and g are known, it is possible to employ the for- 


mulas v=_ and s=lo, Arts. 62 and 63, and by this means 
a 


obtain the data required by the formula pa Thus, 


a 
instead of using s and v in this formula, the equivalent values 
may be employed in their places. Hence, instead of s, the 


term lo is inserted and instead of v, the term 2 =) DUGeaSmuMs 
a’ 


2 
squared, the term 1 must likewise be squared and written ee 
a oe 

The substitution of these terms is done in the following 
manner: 


2 
kxlox4 
_ hsv? Oe Sie — x= klo? 


a a as 


ExamPLe.—What pressure is required to produce a circulation of 
24,000 cubic feet of air per minute in an airway 6 ft. <8 ft. in cross-section 
and 1,250 feet long? 


SoLuTIoN.—In this problem, g=24,000, 7=1,250, 0=2(6+8) =28, 
a=6X8=48, k=.00000002. Then, by the formula just found, 


__ 00000002 X 1,250 x 28 X 24,000 x 24,000 
48X48 X48 


= 3.646 lb. per sq. ft. Ans. 
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66. Fuel Consumption and Speed.—The fuel consumptior. 
may be said to vary directly as the horsepower developed (this 
is not exactly true, but only approximately). The horsepower 
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varies directly as the cube of the speed, whence it follows that 
the fuel consumption also will vary as the cube of the speed 
(approximately). 
Let S = certain speed of vessel; 
C=coal consumption at speed S; 
s= new speed ; 
c¢=coal consumption at speed s. 
Then, the following formula may be derived: 
eC: 
S3 
ExaMPLe.—A steamer consumes 80 tons of coal per day at a speed 


of 12 knots. Suppose that the speed is to be reduced to 10 knots. What 
will be the fuel consumption per day at that rate of speed? 


C= 


SOLUTION.—In this problem s=10, C=80, and S=12. By substituting 
these values for s, Cand S in the formula it is found that 
_10°X80_ 1,250 


C= F935 = 97 =46.3 T. per da. Ans. 


FORMULAS RELATING TO BEAMS AND COLUMNS 


67. Formula for Wooden Beam.—The following formula 
is used when it is desired to obtain the size of a rectangular 
wooden beam that will safely support a given load, uniformly 
distributed over the beam: 

[20 arse Oa 
8 jie ee 
in which W =total uniform load on the beam, in pounds; 
L=length, or span, of beam, in feet; 
s=unit fiber stress of the material of which the beam 
is composed; 

f=factor of safety; 
b=breadth of beam, in inches; 
d=depth of beam, in inches. 

EXAMPLE.—What must be the depth of a rectangular beam of yellow 


pine to carry a total safe uniformly distributed load of 8,000 pounds, if 
the span is 15 feet and the width of the beam is 6 inches? It is assumed 
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_aat the fiber stress s is 7,000 pounds per square inch, and that the factor 
of safety f is 6. 


12 sed: ; 
Bias may be written 


SoLtution.—The formula 


121V/L_ bd’s 


8 6f 
b@s 12WL 
or, eee 
6f 8 


As d is the unknown quantity, the formula should be transformed so 
that d is alone on one side of the equality sign. 
To clear of fractions, multiply both members by 24f. 
4bd’s=36W Lf 
Divide both members by 4bs to obtain d’ alone. 


uae Lf 
bs 
9WL 
and d= Lee 
bs 


9X8,000X15X6 
from which d=, | ——_______—. /454 99=12.4 in. 
67,000 


As 124 in. is not a stock size of timber, the next larger stock size, 
which is 14 in., should be chosen. 

68. Reinforced-Concrete Columns.—The following for- 
mula may be used for designing reinforced-concrete columns: 
P=S,(A=-1a) 

in which P=total safe load on the column, in pounds; 
S,=safe unit stress, in pounds, produced in the 
concrete by load P; 
A=area of concrete in column section, in square 
inches; 
n=ratio of modulus of elasticity of steel to modulus 
of elasticity of concrete, which is about 15; 
a=area of steel in column section, in square inches. 
EXAMPLE.—Design a reinforced-concrete column to withstand safely 
a load of 100,000 pounds. If S,=400 pounds and »=15, what must be 


the sectional area of the concrete and steel, if the sectional area of the steel 
is 3 per cent. of that of the concrete? That is, 


3 
seat a 
mio 
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SOLUTION.—The simplest way to solve this example is to substitute 
: : : 3 
in the given formula the values known. Also write 100 A in place of a. 


Then, 100,000 = 400 (4H g A 


or, 100,000 = 400 (442 * 
i 


Both members can be divided by 400 to avoid large numbers in the 
solution. The equation then becomes 


45 
250=A+—A 
RE 100 


45 
To combine the coefficients of A first reduce 700 to the decimal .45. 


Then, since A has the same value as 14, A+.454=1.45A. Thus, 


250=1.45A 
To get the value of A, divide both members by 1.45, the coefficient of A. 
250 
Al SORA el, ti, Nat 
1.45 


EXAMPLES FOR PRACTICE 


1. What is the area of a circle 17 feet in diameter? Ans, 227 sq. ft. 
2. A steam engine has a single cylinder 18 inches in diameter and a 
30-inch stroke. It uses steam on both sides of the piston, runs at 84 
revolutions per minute, and has a mean effective pressure of 45 pounds per 
squareinch. What is the horsepower of the engine? ’ Ans. 145.74 H. P. 


8. If 80,000 cubic feet of air per minute flows through an 8’X8’ air- 
way, what is the velocity of flow? Ans. 1,250 ft. per min. 


4, What is the surface of an 8’X8’ airway 1,600 feet long? 
Ans. 51,200 sq. ft. 
5. A current of 20 amperes is aon under a pressure of 220 volts. 
What is the resistance, in ohms, of the electric circuit? Ans. 11 ohms 


6. In the formula roan substitute the following values: d=19, 


c=2. What is the value of x? Ans. LE 


7. If D, the diameter of a circle, is 54 inches, and h, the height of a 
segment, is 20 inches, find the area of the segment by applying the formula 
in Art. 60. Ans. 771.2 sq. in. 


8. The formula for finding the surface area of a sphere is A=D? 


3.1416. If D, the diameter of the sphere, is 14 inches, what is the area? 
Ans. 615.75 sq. in, 
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EXTRACTION OF CUBE ROOT 


METHODS AVAILABLE 


INTRODUCTION 


1. Definition.—The cube root of a number is one of the 
three equal factors of that number. For example, 4 is the cube 
root of 64, because 4*4X4=64; that is, 4 is one of three 
equal factors that, when multiplied together, produce 64. 
Similarly, 3 is the cube root of 27, because 3X3X3=27. 
Again, 2 is the cube root of 8, because 2X2X2=8; 6 is the 
cube root of 216, because 6X6X6=216; and so on. 


2. Indicating Cube Root.—The cube root of any num- 
ber is indicated by writing the radical sign (J) in front of it, 
the vinculum (——) over it, and the index figure * above and to 
the left of the radical sign. For example, 125 indicates the 
cube root of 125; #15.625 indicates the cube root of 15.625; 
425, indicates the cube root of (3; and so on. 


3. Extracting Cube Root.—The operation of finding 
the cube root of a number is called the extraction of the cube 
- root; that is, the cube root of a number is extracted when one 
of the three equal factors of that number is found. The 
extraction of the cube roots of numbers must frequently be 
done in the solution of certain kinds of problems that are met 
with in engineering work. For this reason it is necessary that 
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instruction be given as to how to find the cube roots of 
numbers. 


4. Methods of Finding Cube Root.—There are a 
number of different ways in which the cube root of a number 
may be found, but in this Section only three methods will be 
described. These will be called (a) the trial-and-error method, 
(b) the table method, and (c) the exact method, and they will 
be described in detail in later articles. 


5. Significant Figures.—In any number, the figures 
beginning with the first digit at the left and ending with the 
last digit at the right, are called the significant figures of 
the number. Thus, the number 405,800 has the four signifi- 
cant figures 4, 0, 5, 8; and the number .000090067 has the 
five significant figures 9, 0, 0,6, and 7. A cipher is not a digit. 
Consequently, if a number begins or ends with ciphers, they 
are not considered in determining the significant figures of 
that number. But if ciphers occur between digits, as in the 
numbers 2,807 and 21.03, they are then considered as significant 
figures. 

The part of a number consisting of its significant figures is 

called the significant part of the number. Thus, in the 
number 28,070, the significant part is 2807; in the number 
00812, the significant part is 812; and in the number 170.3, 
the significant part is 1703. 

The significant figures or the significant part of a number 
consists of the figures, in their proper order, from the first 
digit at the left to the last digit at the right, without regard 
to the position of the decimal point. Hence, all numbers that 
differ only in the position of the decimal point have the same 
significant part. For example, .002103, 210.3, 21,030, and 
210,300 have the same significant figures 2, 1, 0, and 3, and the 
same significant part 2103. 


6 Exact and Approximate Cube Roots = One a 
comparatively few numbers can be separated into exactly equal 
factors. [For example, considering all the numbers from 1 to 
1,009, there are only ten of which the exact cube root can be 
found, namely, 1, 8, 27, 64, 125, 216, 343, 512, 729, and 1,000. 


CUBE ROOT 3 


All the other numbers between 1 and 1,000 have only approxi- 
mate cube roots; that is, their cube roots cannot be found 
exactly, because those roots will contain unending decimals. 
For example, suppose that the cube root of 50 is to be found. 
There are no three equal numbers that, if multiplied together, 


TABLE I 
PERFECT CUBES AND EXACT CUBE ROOTS 


Number ne Number Spe Number a Number Ree 
I I 17,576 26 132,051 51 438,976 | 76 
8 2 19,683 | 27 || 140,608 | 52 456,533 | 77 
27 3 21,952 28 148,877 Rx) 474,552 | 78 
64 4 24,389 | 29 | 157,464 | 54 493,039 | 79 
125 5 27,000 30 166,375 55 512,000 | 80 
216 6 29,791 31 175,616 56 531,441 81 
343 if 32,768 2 185,193 57 551,368 | 82 
512 8 35,937 | 33-|| 195,112 | 58 571,787 | 83 
729 9 39,304 34 205,379 39 592,704 | 84 
1,000 10 42,875 35 216,000 60 614,125 | 85 
1,331 i 46,056 30 226,981 61 636,056 | 86 
1,728 12 50,653 37 238,328 62 658,503 | 87 
2,197 i) 54,872 38 250,047 63 681,472 | 88 
2,744 14 59,319 | 39 || 262,144 | 64 | 704,969] 89 
3,375 15 64,000 | 40 | 274,625 | ©5 | 729,000] 90 
4,096 16 68,921 41 287,496 66 753,571 gI 
4,913 iy 74,088 2 300,763 67 778.688 | 92 
5,832 18 79,507 | 43 || 314,432 | 68 804,357 | 93 
6,859 19 85,184 | 44 || 328,509 | 69 830,584 | 94 


8,000 20 OT 125 Wy 451 343,000.) 70 857,375 | 95 
9,261 21 97,336 | 46 || 357,911 | 71 884,736 | 96 
10,648 22 103,823 47 373,248 72 912,673 | 97 
12,167 23 110,592 48 389,017 73 941,192 | 98 
13,824 24 || 117,649 | 49 |} 405,224 | 74 970,299 | 99 
15,625 25 125,000 50 421,875 75 || 1,000,000 | roc 


will produce 50; but 3.6 is an approximate cube root of 50, 
because 3.6X3.6X3.6=46.656. If the root is carried to another 
decimal place, or made 3.68, the result is even better, because 
3.68X3.68X 3.68 = 49.836032, which is very close to 50. If 
another decimal place is added and the root is made 3.684, the 
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accuracy is still further increased, because 3.684. X 3.684 X 3.684 
= 49.998717504. But no matter to how many decimal places 
the root may be extended, the cube of that root will never be 
exactly 50, although it will approach nearer and nearer to 50. 
If'an exact root cannot be found, therefore, the approximate 
root should be carried to as many significant figures as the 
accuracy of the solution demands. 


%. Table I shows all the numbers between 1 and 1,000,000, 
inclusive, that have exact cube roots, these roots being the 
whole numbers from 1 to 100, inclusive. The larger numbers 
are the cubes of the corresponding smaller numbers, and any 
number that is a perfect cube has an exact cube root. 


8. Preliminary Steps in Finding Cube Root. ffi 
the cube root of a number is to be found, the first step is to 
point off the number into periods of three figures, beginning 
with the units place if the number is a whole number, and at 
the decimal point if the number is a decimal. If it is a mixed 
number, the pointing off is begun at the decimal point and is 
carried to the right and to the left. These instructions may 
be made clear by illustrative examples. Suppose, for example, 
that the cube root of 405,224 is to be found. The number is 
pointed off into periods, or parts, containing three figures, 
beginning at the right, or at the units place. When thus 
pointed off, which may be indicated by prime marks ’ or by 
commas, the number becomes 405/224. The reason for point- 
ing off in this way is to determine how many figures there are 
in the root. For every period, or part, there will be one figure 
in the root; and as 405/224 contains two such periods, the cube 
root consists of two figures. Table I shows that the cube root 
of 405,224 is 74, which consists of two figures. 


9. It may happen that, when the number whose cube root 
is to be found is pointed off, the first period at the left will 
contain one or two figures instead of three. In such a case, the 
one or two figures are considered as a full period. For 
example, suppose that the number whose cube root is to be 
found is 91,125. When pointed off it becomes 91/125, and as 
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the first two figures constitute a period, there are two periods 
in the number, which indicates that the cube root contains two 
figures. Table I proves the correctness of this conclusion, as 
the cube root of 91,125 is 45. 

If the number 5,832 is pointed off, it becomes ewan fal 
which the first period contains but one figure. However, as 
there are two periods, the cube root contains two figures. 
Reference to Table I shows this to be the case, as the cube 
root of 5,832 is 18. 


10. If the number whose cube root is to be found is a 
decimal, it is divided into periods of three figures each, 
beginning at the decimal point. In case the last period at the 
right contains only one or two figures, ciphers must be 
annexed until the period has three figures. The cube root 
then contains as many figures, following the decimal point, as 
there are periods in the original number. Annexing ciphers 
to the right of a decimal, as explained in a preceding Section, 
does not alter the value of the decimal in any way. It is 
done in this connection simply to fill out the period that con- 
tains less than three figures. For example, if the cube root of 
.14625 were required, it would be pointed off thus, .146/25, 
and as the last period has only two figures, a cipher would be 
-annexed, making .146’250. As this number contains two 
periods, the cube root of it will be a decimal and will contain 
two figures, one for each period; but as the number .14625 is 
not a perfect cube, its cube root will not be exact and so the 
root may be carried to any desired number of decimal places, 
according to the accuracy required. This is done by annexing 
extra periods of three ciphers each. 


411. If the cube root of a mixed number is to be found, 
the number is divided into periods of three figures each, begin- 
ning at the decimal point and proceeding in each direction. If 
the last period at the right has less than three figures, ciphers 
are annexed as in the case of a decimal number. For example, 
suppose that 1,274.4285 is the number to be considered. When 
pointed off it becomes 1’274.428/5, and ciphers must be annexed 
to the last period at the right, giving 1’274.428’500. As there 
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are four periods, the root will contain four figures, two pre- 
ceding the decimal point and two following it. In the number 
just considered, the decimal point serves to separate the second 
and third periods, and no other mark of separation is needed. 


TRIAL-AND-ERROR METHOD 


12. Roots of Whole Numbers and Decimals.—In 
solving practical problems that require the finding of cube 
root, it is usually not necessary to obtain the root to more 
than four significant figures, and in most instances three 
significant figures will be enough. For such approximate cal- 
culations, therefore, a simple way of finding the cube root of 
a number is by trial and error. As explained in Art. 1, the 
cube root of a number is one of the three equal factors that, 
when multiplied together, will produce the number. The trial- 
and-error method, therefore, consists simply in assuming a root 
and cubing it. If the product is greater than the number 
whose root is to be found, the assumed root is made smaller 
and the cubing operation is repeated. By making a number of 
trials in this way, eventually a root is found that, when cubed, 
will give a product very nearly equal to the given number. 
That root is then taken as the cube root of the number. The 


method may be illustrated most clearly by examples and their 
solutions. 


Examp_e 1.—Find the cube root of 4,913 by the trial-and-error 
method. 


SoLuTion.—The number is first pointed off into periods, as explained 
in Art. 8, which gives 4913. As there are two periods, the cube root 
contains two figures. The first period consists of one figure, 4. Now, 
the first figure of the root cannot be 2, because 2X2X2=8, which is 
much greater than 4. The smallest root of two figures, beginning 
with 2, is 20, and 20°=20X20X20=8,000, which is considerably greater 
than the given number, 4,913. So it is plain that the root must be less 
than 20. Suppose that 18 is assumed; then, 18X18X18=5,832, which is 
also somewhat larger than 4,913, showing that the root must be less than 
18. Hence, 17 is chosen; then 17X17X17=4,913, the given number. 
Therefore, 17 is the exact cube root of 4,913. Ans. 


Example 2.—By the trial-and-error method find the cube root of 
12,764. 
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So.uTiIon.—When pointed off properly, the number becomes 12’764. 
Reference to Table I shows that the first figure of the root must be 2, 
because 2°=8, which is less than 12, the first period, whereas 3°=27, 
which is greater than the first period. If 12’764 has an exact root, 
there must be two figures in it, because the number has two periods, 
and it has just been shown that the first figure is 2. So, let 22 be chosen 
as a trial root; then, 22*2222=10,648, which is less than 12,764, 
showing that the root must be greater than 22. Let 23 be chosen next; 
then, 23X23X23=12,167. This is also less than 12,764. So let 24 be 
chosen; then, 24X24X24=13,824. This is considerably larger than the 
given number, 12,764, and indicates that the cube root cannot be 24. 
But it was also found that 23 was a little too small. Therefore, the 
root must be greater than 23 and less than 24. So, take 23.4 as a trial 
root; then, 23.4X23.4X23.4=12,812.904. This is also larger than 12,764, 
showing that the root must be less than 23.4. Let 23.38 be chosen; 
then, 23.38 X23.38 X23.38=12,780.078472, which is so close to 12,764 that 
it may be considered approximately equal to it. Then, 23.38 is the cube 
root of 12,764, very nearly. Ans. 


ExaMp_Le 3.—What is the value of ~/.0837 by the trial-and-error 
method? 


So.ution.—The number is first pointed off, and ciphers are annexed 
to complete the last period, giving .083’700. The given number is 
wholly decimal and so the root will be wholly decimal. As there are 
two periods, there will be two figures following the decimal point in 
the root, if the root is exact, and more if the root is not exact. The 
first period contains the number 83. Reference to Table I shows that 
the first figure of the root must be 4, because 4°=64, which is less chan 
83, whereas 5°=125, which is greater than 83. Hence, it is known that 
the root must be a number greater than 40. Let 45 be assumed; 
then, .45X.45X .45=.091125, which is greater than .0837, showing that .45 
is too large. So .44 is chosen as a trial value; then, 44.44.44 
=,085184, which is still too large. The root must therefore be less 
than .44. So .43 is assumed; then, .43.43X.43=.079507, which is 
smaller than .0837, indicating that the root must be greater than 143. 
Therefore, it is known that the root lies between .43 and 44. Let 437 
be tried; then, .437 X.437X.437=.083453453, or .0835, very nearly. ‘This 
is so close to .0837 that, for all practical purposes, it may be said that 
4/,0837=.437. Ans. 

Examp.e 4.—Find the value of ~/442,800 to four significant figures 
hy trial and error. 

Sorution.—When pointed off, the number becomes 442’800. The 
first figure of the root must be 7, because 7°=343, which is less than 


442, the first period, whereas 8°=512, which is larger than 442. As the 
given number has two periods, the root will have two figures preceding 
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the decimal point. Let 76 be chosen for the first trial; then, 76X76 X76 
=438,976, which is less than 442,800, indicating that the root must be 
greater than 76. If 77 is tried, it is found to be too large, because 
77°=456,533, which exceeds 442,800. Therefore, the root lies some- 
where between 76 and 77. As 438,976 is closer to 442,800 than is 
456,533, the root is closer to 76 than to 77. So, let 76.3 be chosen as a 
trial value; then, 76.3°=444,194.947, which is larger than 442,800, indi- 
cating that 76.3 is too large. If 76.2 is tried, it is found that 76.2° 
=442 450.728, which is a trifle smaller than 442,800, but very close to it. 
It is concluded, then, that the root is between 76.2 and 76.3, but not 
much greater than 76.2. Take 76.21 as a trial value, and 76.21° 
=442,625, very nearly. This is still less than the given number, so 76.22 
is tried as the root. Then, 76.22°=442,799, which is so nearly equal to 
442.800 that 76.22 may be considered as the required root, to four 
significant figures. Ans. 


13. Roots of Numbers Containing Fractions.—lf 
the number is a fraction or if it contains a fraction, the simplest 
way of treating it is to reduce the fraction to a decimal and then 
proceed as in the preceding examples. For example, suppose 
that the cube root of % is to be found by trial and error. 
Reduce the fraction to a decimal, thus: =3+8=.375. Then, 
the cube root of 375 is found by the method already explained, 
and the result thus obtained is the root of 3. If the cube root 
of a number like 17%} is to be found, the fractional part is 
reduced to a decimal; thus, 28=26+47=.5532. The entire 
number then becomes 17.5532, and the root is found in the 
manner already explained. The following examples will serve 
to make the foregoing instructions clearer: 


Examp.Le 1.—Find by trial and error the cube root of %, to three 
significant figures. 


So.ution.—The fraction %, reduced to a decimal, becomes .625. As 
625 is wholly a decimal the cube root will be wholly a decimal. 
The first period of .625 contains three figures, the remaining periods 
consisting of ciphers; that is, the number when pointed off may 
be written .625’000'000. The largest number whose cube is less 
than .625 is .8, because .8°=.512, whereas .9°=,.729, Therefore, 
the first figure of the root is 8 and the root lies somewhere between 
8 and .9. Choose .85 as a trial root; then, 85°=.614125, which 
is less than .625. So, try .86 as the root; then, .86°=.636056, which is 
too large, as it exceeds .625. The root of .625 therefore lies between .85 
ind .86, Choose .855 as « trial root; then, .855°==,625026373, which is so 
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close to .625 that no further calculations are necessary, and .855 may be 
taken as the cube root of 8=.625. Ans. 


Examp.e 2.—Find the value of (4702 to three significant figures by 
trial and error. 


SoLuTion.—First reduce 2 to a decimal; thus, 2=3+4=.75. The 
number whose cube root is to be found is then 470.75. When this num- 
ber is pointed off, it becomes 470.750, showing that the root has one 
figure before the decimal point. The largest number whose cube is 
less than 470 is 7, because 7*=343, whereas 8'=512. So the first figure 
of the root is 7 and the required root is between 7 and 8. Let 7.5 be 
assumed; then, 7.5°=421.875, which is less than 470.75. So 7.6 is tried; 
then, 7.6°=438.976, which is still too small. Next, 7.7 is tried; then, 
7.7°=456.533, which also is less than 470.75. Therefore, 7.8 is tried; 
then, 7.8°=474.552, which is too large. It is now seen that the root is 
greater than 7.7 but less than 7.8. As the cube of 7.8 is 474.552, which is 
close to the given number 470.75, it is plain that the root must be close 
to 7.8, but less than 7.8. So, 7.78 is tried; then, 7.78°=470.911, which is 
so close to 470.75 that no further trials are necessary, and the required 
root is taken as 7.78. Ans. 


EXAMPLES FOR PRACTICE 


a 
Find the cube roots of the following numbers, by the trial-and-erro1 
method, to three significant figures: 


(a) 18,610 (a) 065 
(5) 23505 (b) 705 
(c) 160,000,000 ee: 
(d) 54.5 ADS aNeae7 
(2 (e) .794 
(f) 12%6 GF) 231 


TABLE METHOD 


14. In Table I are given the cubes of all whole numbers 
from 1 to 100, inclusive ; likewise, the table gives the cube roots 
of all numbers between 1 and 1,000,000 that have exact roots. 
By means of this table it is possible to find directly the first two 
significant figures in the cube root of any number and to find 
the third significant figure by a simple calculation. It will be 
observed that the numbers in the table are all whole numbers, 
and that none contains more than seven figures. Therefore, 
to use the table for finding cube roots, the nurnbers whose 
roots are to be found must be altered in such a way as to 
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bring them within the range of the table. The method of doing 
this will now be described. 


15. As already explained, digits only are considered in 
determining the significant figures of a number; therefore, 
5, 50, .5, and .05. have the same significant figure, 5. The 
cubes of these numbers are 125, 125,000, .125, and .000125, 
respectively, and thus it will be seen that these cubes also have 
the same significant figures, 1, 2, and 5, and the same signifi- 
cant part, 125. The numbers 125, 125,000, .125, and .000125, 
if pointed off preparatory to extracting the cube roots, become 
125, 125/000, .125, and .000’125. It will be seen at once that 
each of these contains the same significant part, 125, and that 
these three significant figures form a single period in each 
number. The only difference among the numbers is in the 
position of the decimal point. Consequently, their cube roots 
will have the same significant figure, 5, but the position of the 
decimal point will be different. Thus, as 125 is a whole num- 
ber of one period, its root is a single figure, 5; as 125/000 has 
two periods, its root has two figures, 50; as .125 is a decimal 
and comprises one period, its root is a decimal of one figure, 
or .5; and as .000’125 is a two-period decimal, its root is a 
decimal of two figures, or .05, because, when a decimal begins 
with ciphers, there is a cipher in the root, following the decimal 
point, for each complete period of three ciphers directly fol- 
lowing the decimal point in the number. 


16. The principle explained in the preceding article is 
important and should be thoroughly understood, as it forms the 
basis for the use of Table I for finding cube root. Suppose, for 
example, that the cube root of .004096 is to be found. The 
table contains no decimals whatever. But, if .004096 is pointed 
off, it becomes .004’096, which is a number of two periods with 
a single figure, 4, in the first period. The significant part of 
the number is 4096. In the table can be found 4,096, which 
also contains two periods, with the figure 4 alone in the first 
period, and which has the same significant figures. Therefore, 
4,096 and .004096 will have the same significant figures in 
their roots, the only difference being in the location of the 
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decimal point. The cube root of 4,096 is 16, according to the 
table. The cube root of .004096 contains these same significant 
figures, 16, but as .004’096 has two periods and is wholly a 
decimal, its root must have two figures and be wholly a decimal. 
Therefore, the cube root of .004096 must be .16. 


-17. It has been shown that after a number has been pointed 
off into full periods of three figures each, by the method 
explained in Arts. 8 to 11, the position of the decimal point 
does not affect the figures of the root. Therefore, after the 
periods have been determined the number may be considered 
as a whole number while the figures of the root are being 
found. If this whole number does not consist of two periods 
it must be altered, because no number having more than twa 
periods is given in the table and because accurate results 
cannot usually be obtained by using only one period. 

If the number has only one period, three zeros are annexed 
to form the second period. Thus, if 3 is the number whose 
cube root is to be found, it is necessary to annex three ciphers 
to form the second period; the altered number is 3/000. If 
the number contains more than two periods, ignore the periods 
after the second, unless the first figure of the third period is 
5 or more, in which case increase the last figure in the second 
period by 1. If the number were 2,743,879, it would be pointed 
off thus, 2’743’879. As there are three periods, the last period 
is dropped. Since the first figure of the third period exceeds 5, 
the last figure of the second period is increased by 1. The 
altered number is 2744, and is found in the table. 


18. If the cube root of the altered number may be found 
from the table directly it is merely necessary to locate the 
decimal point in accordance with its position in the original 
number; the cube root of the original number has the same 
significant figures as the’cube root of the altered number. 

It frequently happens that the altered number cannot be 
found in Table I. In such a case the numbers next greater 
and smaller than the altered number are found, and then, 
by the method to be illustrated in subsequent examples, the 
root is determined. 
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49. If the number whose root is to be found contains a 
fraction, reduce the fraction to an equivalent decimal, and 
then proceed as already explained. For example, if the cube 
root of 44 is to be found, the fraction is reduced to a decimal ; 
thus, 14=11+16=.6875. This decimal, when pointed off, 
becomes .687/500, showing that the root is wholly a decimal, 
with a digit immediately following the decimal point. The 
significant figures of the root are exactly the same as those of 
the cube root of 687,500, which becomes the altered number. 
If the cube root of 37} is to be found, the fraction $ is reduced 
to a decimal, becoming .125, and the number thus becomes 
37.125. The altered number is 37,125, which has the same 
significant figures for its cube root as has 37.125. 


Examp Le 1.—Find the value of 4/12,817 by the use of Table I. 

So_urion.—The given number, 12,817, contains two periods and is a 
whole number, so that it need not be altered. The number 12,817 does 
not appear in the table, but the numbers 12,167 and 13,824 appear, and 
12,817 lies somewhere between them. The cube root of 12,167 is 23 and 
the cube root of 13,824 is 24; therefore, the cube root of 12,817 must lie 
between 23 and 24. It may be assumed that the desired root is at the 
same point between 23 and 24 as 12,817 is between 12,167 and 13,824. 
To determine just what this intermediate value of the root may be, 
the following simple calculation is made: The difference between the 
two numbers in the table is found, and is called the first difference; 
thus, 13,824—12,167=1,657, which is the first difference. Next the 
difference between the given number and the smaller number in the table 
is found, and is called the second difference; thus, 12,817—12,167=650, 
which is the second difference. The second difference is then divided 
by the first difference; thus, 650+1,657=.39, or 4, nearly. This figure 
then becomes the third figure of the root. As the first two figures were 
already found to be 2 and 3, because the root is greater than 23 but 
less than 24, the required root is 23.4. Ans. 


Proor.—The accuracy of any result found in extracting 
cube root may be tested very readily by simply cubing the value 
found for the root. The product should be approximately 
equal to the given number. In the preceding example, for 
instance, the root was found to be 23.4. By the foregoing test, 
23.4° =23.4X23.4X23.4= 12,813, very nearly. As this is very 
close to 12,817, the given number, it is concluded that 23.4 is 
the cube root. correct to three significant figures. 
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EXampte 2.—Find by the table method the cube root of .0732 to three 
decimal places. 


SoLuTion.—When pointed off, the given number becomes .073'200. 
The significant figures of this number are the same as if the number 
were 73,200; also, the significant figures of the cube root of .073200 
are the same as those of the cube root of 73,200, because each con- 
tains two periods composed of like figures. The only difference is that 
the cube root of .073200 is wholly a decimal, whereas the cube root of 
73,200 is a mixed number in which the decimal point occurs after the 
second figure. All that is necessary, therefore, is to find the cube root 
of 73,200 from Table I and then to shift the decimal point in that root 
until the root is wholly a decimal. The result will then be the cube 
root of .0732. In the table, 73,200 lies between 68,921 and 74,088, the 
cube roots of which are 41 and 42, respectively. Therefore, the cube 
root of 73,200 is greater than 41 and less than 42. The third significant 
figure of the root is found as follows: 


74,088 7 3,200 
68921 68,921 
5,167 first difference 4279 second difference 


Second difference+first difference=4,279+5,167=.8 


Then, the third significant figure is 8 and the cube root of 73,200 is 41.8. 
The cube root of .0732 has exactly the same significant figures, but as 
.0732 is wholly a decimal, its cube root is wholly a decimal; therefore, 


4/.0732=.418. Ans. 


ExampLe 3.—What is the cube root of .18526? 


Sotution—When pointed off, the given number becomes .185’260. 
The cube root of this number has the same significant figures as the 
cube root of 185,260, but is wholly a decimal. In the table, 185,260 lies 
between 185,193 and 195,112, showing that the cube root of 185,260 lies 
between 57 and 58. The first difference is 195,112—185,193=9,919 and 
the second difference is 185,260—185,193=67; then, 67+9,919=.007, 
nearly. Annex this to 57, and the root is 57.007 or 57.01 to four 
significant figures. As the cube root of .18526 has the same significant 
figures, but is wholly a decimal, it must be .5701. Ans. 


Exampte 4.—Find from the table the value of ~/293,475,910. 


Sotution—When pointed off into periods, the given number becomes 
293’475'910. The third period is dropped; but, as it begins with 9, the 
last figure of the second period is increased by 1, as explained in 
Art. 17. The altered number thus becomes 293’476. This is not 
found in the table, but 287,496 and 300,763 are found there. Therefore 
the required root is greater than 66 and less than 67. The first differ- 
ence is 300,763—287,496=13,267 and the second difference is 293,476 
—287,496=5,980. Then, 5,980+-13,267=.45, showing that the third and 
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fourth significant figures are 4 and 5. The cube root of 287,496 is 66. 
according to the table, and so the root of 293,476 is 66.45. The original 
number, however, is a whole number containing three periods; there- 
fore, its root must have three figures ahead of the decimal point. 
Hence, the root is 664.5. Ans. 


Examp.e 5.—What is the cube root of .0007425? 


SoLution.—The given number, pointed off into complete periods, is 
.000'742'500. According to Art. 17, this number must be changed to 
one containing the same significant figures and having two periods. The 
first period, consisting of ciphers, is therefore dropped, and the altered 
number is 742,500. It does not appear in the table, but 729,000 and. 
753,571, the cubes, respectively, of 90 and 91, are given therein. 
The first difference is 753,571—729,000=24,571, and the second differ- 
ence is 742,500—729,000=13,500. Then, 13,500+24,571=.5, approxi- 
mately. The cube root of 729,000 is 90, and to this must be annexed 
the .5 just found, giving 90.5 as the approximate cube root of 742,500. 
The original number, .0007425, has one complete period of ciphers fol- 
lowing the decimal point, and so the root must be a decimal having one 
cipher following the decimal point and in front of the first significant 
figure: Therefore, the required root is .0905. Ans. 


Exampte 6.—Find the value of {275,. 

Sotution.—First reduce the fraction to a decimal; thus, 27.3, =273 
+1,054=.259013. The problem therefore is to find the cube root of 
259013. This number, when pointed off, is .259’013, and the altered 
number is 259,013. This altered number is not in Table I, but it lies 
between 250,047 and 262,144, the cube roots of which are 63 and 64, 
respectively. The first difference is 262,144—250,047=12,097, and the 
second difference is 259,013—250,047=8,966. Then, 8,966+12,097=.7, 
and the cube root of 259,013 is 63.7. The cube root of .259013 has the 
same significant figures, but is wholly a decimal; therefore, it must be 
Od/ qe ATS: 


ExampLe 7.—What is the cube root of 33? 


SoLution.—When reduced to a decimal, 3 becomes .6666+ or .667, 
and the number whose root is to be found is then 3.667. The altered 
number is 3,667, which lies between 3,375 and 4,096 in the table; and as 
the roots of 3,375 and 4,096 are 15 and 16, respectively, the root of 
3,667 must lie between 15 and 16. The first difference is 4,096—3,375 
=721, and the second difference is 3,667—3,375=292. . Then, 202+721 
=.4, So the cube root of 3,667 is 15.4. The cube root of 3.667, which 
has one period preceding the decimal point, has the same significant 
figures, with one figure preceding the decimal point; therefore, the 
cube root required is 1.54. Ans. 
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EXAMPLES FOR PRACTICE 


By the use of Table I find the cube roots of the following numbers 
to three significant figures: 


(a) 860,000 (a) 95.1 
(by. 27.27 (b) 3.01 
(c) .09125 Te e450 
(d) 127.4 ANS. (4) 5.03 
(ec) 563 (e) 3.85 
Gaaeee (f) .915 


EXACT METHOD 


20. If the cube root of a number is to be found accurately 
to more than three significant figures, neither of the preceding 
methods can be used successfully. In such a case, an exact 
method is required. There are a number of such exact methods, 
but the one about to be described is simple and may be used 
for finding the cube root of any number. It is most easily 
explained by the solution of an example. 


21. Cube Roots of Whole Numbers.—Suppose that 
it is desired to find the cube root of 11,390,625. First separate 
the number into periods of three figures each, commencing at 
the right. This gives 11’390’625. Draw a line at the right of 
the number and find the largest number whose cube is not 
greater than the left-hand period. Place this number as the 
first figure of the answer. 

The left-hand period is 11 and the largest number whose 
cube will not be greater than 11 is 2, since 3°=27. 

Place the 2 as the first figure of the answer and subtract the 
cube of this number from the left-hand period of the number. 
To the remainder thus obtained annex the next period of the 
number. The process thus far is as follows: 

P39 0625( 2 
- 8 


3390 


It is next necessary to find a trial divisor. This is obtained 
by considering the number in the answer as tens, squaring 
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it, and multiplying the result by 3. 2 considered as tens is 20, 
which squared gives 400. 400 multiplied by 3 gives 1,200 as 
a trial divisor. 

The trial divisor is contained 2 times in the remainder 3,390. 
Place the 2 as the second figure of the answer. This gives the 
following: 

1913:9'0.6 215,622 
8 


3X20?=1200 | 3390 


In order to obtain a complete divisor, it is necessary to add 
together three products. 

The first product is that obtained for the trial divisor, or, in 
this case, 1,200. 
‘ The second product is obtained by considering the first 
figure of the answer as fens, and multiplying it by the second 
figure of the answer, and by 3. In the example being worked, 
the first figure of the answer considered as tens gives 20, 
which multiplied by the second figure of the answer, or 2, 
gives 40, which result multiplied by 3 gives 120 as the second 
product. 

The third product is obtained by squaring the second figure 
of the answer, which in this case is 2?=4., 

Add these three products together and the complete divisor 
becomes 1,200+-120+4=1,324. The example worked to this 
point is as follows: 


11’390625(22 
8 
3X20?=1200 | 3390 
3X(20X2) = 120 
ee A) 


Next multiply the complete divisor 1,324 by the second 
figure of the answer and subtract the result from the remainder 
previously obtained. To the result annex the next period for 
a new remainder, The process is as follows: 
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11390625(22 
8 


3<20?=1200) 3390 
3X (20X2) = 120 
Dai 4 


1324 | 2648 
742625 


The further processes are but repetitions of those previ- 
ously described and will not need much explanation. 

It is next necessary to find a trial divisor for the remainder. 
This is done in the same manner as in the first case, the num- 
ber in the answer being considered as tens, and squared, after 
which it is multiplied by 3. This will be 220?=48,400, which, 
multiplied by 3, gives 145,200 for a trial divisor. 

The trial divisor divided into the remainder gives 5 as the 
next figure of the answer. 

Next, find the complete divisor by adding together the three 
products, taking the trial divisor as the first product, 3 times 
the number already in the answer considered as tens multi- 
plied by the next figure of the answer for the second product, 
and the square of the third figure of the answer for the third 
product. Multiply the complete divisor by the third figure of 
the answer and subtract the result thus obtained from the 
remainder previously obtained. The complete process is: 


V3. 9,062 5422.5. -Ans! 


8 
2. 202= 41.200 | 3390 
3X (20X2) = 120 
B= 4 
1324 12648 
25.220°=145200| 742625 
3X (220X5) = 3300 
5s 25 
TESS OSL 742625 


235 B—6 
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Since the product obtained by multiplying the complete 
divisor by the third term of the answer is just equal to the 
remainder, the process is complete, and the answer, or 225, 
is the cube root of the number 11,390,625. 


22. Cube Roots of Decimals.—In extracting the cube 
root of a decimal, proceed as with a whole number, taking care 
that each period contains three figures. Begin the pointing off 
at the decimal point, going toward the right. If the last period 
does not contain three figures, annex ciphers until it does. 

The number of decimal places in.the answer will equal the 
number of periods in the decimal whose root is to be extracted. 


EXxAMPLE.—What is the cube root of .009129329 ? 


SoLUTION.— 009'129'329(.209 Ans. 
8 
3X20= 1200 | 1129 
0000 
3X200°=120000 | 1129329 
3X (200X9) = 5400 
= 81 
1254 SIM ie 2SRi29 


In this particular example it will be noticed that in the first 
case the trial divisor 1,200 is greater than the remainder 1,129; 
consequently, the next figure of the answer is O and it is neces- 
sary to bring down the next period for a new remainder, after 
which the regular process is followed. 


23. Roots of Mixed Numbers.—One example of 
extracting the cube root of a mixed number will be given here. 


ExAMPpLe.—What is the cube root of 47.832147? 


SoLuTION.— 47.832147(3.63 Ans. 
eid 
3X30°= 2700] 20832 
3X (30X6) = 540 
= 36 
3276)| 19656 


3X 360°=3 88800 1176147 

3X (360X3) = 3240 
Sieg 9 

392049! 1176147 
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24. Rule for Cube Root by Exact Method.—The 
series of operations that must be performed in order to find 
the cube root of a number by the method described in the pre- 
ceding examples may be stated in the form of a rule, as 
follows: 


Rule.—Separate the number into periods of three figures 
each, commencing at the right; if the number contains a 
decimal, begin at the decimal point and work both ways. 

Find the largest number whose cube is not greater than the 
left-hand period and write this number as the first figure of the 
answer. : 

Subtract the cube from the left-hand period and to this 
result annex the next period of the number. 

Square the number in the answer considered as tens, ana 
multiply this result by 3. 

Use the result thus obtained for a trial divisor to divide into 
the remainder, and place the number resulting from this 
division as the next figure of the answer. 

To the trial divisor, add the result obtained by multiplying 
the first figure of the answer considered as tens by the second 
figure of the answer and by 3; also add the square of the second 
figure. The sum thus obtained is the complete divisor. 

Multiply the complete divisor by the second figure of the 
answer and subtract the result thus obtained from the remain- 
der. 

To this result annex the next period of the number and 
proceed in the manner described until all the periods have been 


used. 


25. Cube Roots of Fractions.—lf the given number is 
in the form of a fraction, and it is required to find the cube 
root of it, the simplest and most exact method is to reduce the 
fraction to a decimal and extract the cube root of the decimal. 
If, however, the numerator and denominator of the fraction 
are perfect powers, extract the cube root of each separately, 
and write the root of the numerator for a new numerator, and 
the root of the denominator for a new denominator. 
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Rule.—Evxtract the cube root of the numerator and 
denominator separately if each is a perfect cube; otherwise, 
reduce the fraction to a decimal, and extract the root of the 
decimal. 


ExAmpte 1.—What is the cube root of 24? 
SoLUTION.— Se ea 


EXAMPLE 2.—What is the cube root of +;? 


SoLution.—Since +=.25, i= 4.25= .62996. Ans. 


26. Memorizing the Exact Method.—The extraction 
of cube root is an operation with which many students have 
difficulty, particularly when the exact method is used. The 
trouble is not in performing the several calculations, but in 
remembering the order in which they must be done and in 
finding the trial divisor and the complete divisor. Reference 
to the solutions given in Arts. 21 to 23 shows that, after 
cubing the first figure of the root and obtaining the first 
remainder, the same series of operations is repeated until the 
work is completed. This series of operations is made up of 
the foilowing steps: 

1. Finding the trial divisor. 

2. Finding the next figure of the root. 

3. Finding the complete divisor. 

4. Multiplying the complete divisor by the last figure of 
the root thus far found. 

5. Subtracting and forming a new dividend. 


27. The only steps that are likely to cause any trouble 
are the first and the third, or finding the trial divisor and the 


complete divisor; but these may easily be remembered by 
fixing in mind the following expression: 


3a? -+-3ab+b? 


The first term, or 3a’, represents the trial divisor, and the 
whole expression, 3 a*+3 a b+}? represents the complete divi- 
sor. To indicate just how these terms are used to represent 
the trial and complete divisors, consider again the solution of 
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the example in Art. 24, which is repeated here for con- 
venience. 
117390'625(225 Ans. 


8 
trial divisor =30= 3X20= 1200 {3390 
3ab=3X (20X2) = WE 
y= 2= 4 
complete divisor =3a°+3abtb*= 1324 | 2648 
trial divisor =3a°= 3X220°=145200 ig a0ee 
3ab=3X (220X5) = 3300 
ve B= 2s 
complete divisor =3a°+3ab+b°=148525 LAZOZS 


28. After the first figure of the root has been cubed and 
its cube has been subtracted from the first period, the next 
period is brought down, giving 3,390 as the first dividend, for 
which a trial divisor must be found. Let a represent 10 times 
the root thus far found, which in this case makes a= 10K2=20. 
Then, the trial divisor can easily be calculated, as it is 3a. 
As a=20, it is readily seen that 3a?=3X20?=3X20X20 
=1,200. This trial divisor, 1,200, is contained 2 times in the 
dividend 3,390; so 2 is’ the next figure of the root, and is 
written down there. Now let b represent the last figure of the 
root thus far found, which in this case is the second 2; then, 
b=2. To obtain the complete divisor, add 3ab and b? to the 
trial divisor 3a?, as shown. As a=20 and b=2, it follows that 
3ab=3X (aXb) =3X (20XK2) =3X40=120; and b?=2?=2 
X2=4. Then, 3a?+3ab+b? =1,200+120+4=1,324, the first 
complete divisor. Multiply 1,324 by 2, subtract the product, 
2,648, from the first dividend, and bring down the next period, 
producing the second dividend, or 742,625. 


29. The next operation is similar in every way to that 
just performed. First, a trial divisor must be found. The 
figures of the root thus far found are 22, and a represents 10 
times this value; that is, a=10X22=220. Then, the trial 
divisor is 3a2=3220?=3X220X220= 145,200, as shown. 
This is contained 5 times in the second dividend, and so 5 is 
written as the next figure of the root. Then, b=5, because b 
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always represents the last figure of the root thus far found. 
Therefore, 3ab=3 (aXb) =3X (220X5) =3X1,100=3.300: 
and b?=5?=25. The second complete divisor is then 3a? 
+3ab+b? = 145,200+3,300+25= 148,525, as shown. This is 
multiplied by the last figure of the root, 5, and the product is 
written under the second dividend. As there is no remainder, 
the work is ended and the required cube root is 225. 


30. To assist further in fixing in mind the steps just 
explained, the following restatement of principles is made: 

1. The trial divisor at any stage of the operation of find- 
ing cube root is always equal to 3a?, in which a is 10 times 
the value of the root thus far found. 

2. The complete divisor is the sum of the trial divisor, 
3a?, and the products 3ab and 6’, in which 0 is the value of 
the last figure of the root thus far found; that is, the complete 
divisor is 3a?+3ab+b?. 

If this expression is committed to memory, together with 
an understanding of what a and b stand for, it should be easy 
to find the cube root of any number under any circumstances. 


EXAMPLES FOR PRACTICE 


Find the cube roots of the following numbers by the exact method: 


(a) 1,860,867 (a) 123 
(b) .185193 (b) .57 
(c) 636,056 (c) 86 
(d) 87,528.384 (d) 44.4 
(e) 74,088 rs (e) 42 
(f) 257,259,456 BANE NaS 
(g ) Docs (g ) or 
(Ch) gioos (h) 33 


(i) 1s (i) .8862 
(7) 3 (7) 72i1 
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APPLICATIONS OF CUBE ROOT 


31. Diameter of a Sphere.—There are many sorts of 
problems whose solutions require the extraction of cube root. 
One of the most common cases in which cube root must be 
extracted is in finding the diameter of a sphere. The rule for 
finding the diameter is as follows: 


Rule.—To find the diameter of a sphere, extract the cube 
root of the volume and multiply the result by 1.24. 


‘If the volume is in cubic inches, the diameter will be in 
inches ; if the volume is in cubic feet, the diameter will be in 
feet ; and so on. 


ExampLe 1.—A spherical ball contains 2,000 cubic inches. What is 
the diameter of the ball? 

SoLution.—According to the rule, the cube root of the volume, or 
2,000 cu. in., must first be found. The cube root of 2,000 may be found 
by any one of the methods previously described. In this case, however, 
the table method will be used. The number 2,000 does not appear in 
Table I, but 1,728 and 2,197 are given, their roots being 12 and 13, 
respectively. Therefore, the cube root of 2,000 is between 12 and i3. 
The first difference is 2,197—1,728=469 and the second difference is 
2,000—1,728=272. Then, 272+469=.6. Consequently, the cube root of 
2,000 is 12.6. To find the diameter, the cube root must be multiplied by 
1.24. Therefore, the diameter of the ball is 


12.6X 1.24=15.624, or 153 in., nearly. Ans. 
Examp.Le 2.—I{ a tank in the shape of a sphere must hold 48,000 
cubic feet, what must be its inside diameter? 


Sotution.—First find the cube root of 48,000, using the table method. 
This value lies between 46,656 and 50,653 in the table. The first differ- 
ence is 50,653—46,656=3,997, and the second difference is 48,000—46,656 
=1,344. Then, 1,344+3,997=.336, or .34, approximately. The cube 
root of 46,656 is 36 and so the cube root of 48,000 is 36.34. The 
diameter of the tank is 1.24 times the root thus found, or 


36.34X1.24=45 ft., very closely. Ans. 


32. Speed and Coal Consumption of a Steamship. 
The speed of a steam-driven ship may be increased by forcing 
the 4res, that is, by burning coal more rapidly under the boilers. 
The amount of coal burned per day, called the coal consump- 
tion, is proportional to the cube of the Speed. ulheretore eit 
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the coa! consumption is changed, and it is desired to find what 
the speed will be at the new rate at which the coal is burned, 
the following rule may be used: 


Rule.—To find approximately the new speed for a new 
rate of coal consumption, multiply the new coal consumption 
by the cube of the known speed, divide the product by the coal 
consumption corresponding to the known speed, and extract 
the. cube root of the quotient. 


The speeds of vessels are usually expressed in knots, a knot 
being a speed of 1.15156 miles per hour. 


Example 1—A steamer consumes 100 tons of coal a day when run- 
ning at a speed of 10 knots. What will be the speed if the coal con- 
sumption is increased to 200 tons a day? 


SoLution.—The new rate of coal consumption is 200 tons a day and 
the known speed is 10 knots. According to the rule, then, 200 is to be 
multiplied by the cube of 10; thus, 200X10°=200X1,000=200,000. This 
product is then to be divided by the coal consumption at the known 
speed, or 100 tons a day. Thus, 200,000+100=2,000. The cube root of 
‘this quotient, 2,000, is then the new speed; that is, the new speed is 


equal to ¥2,000, which, by the table method or by either of the other 
methods, is 12.6. Therefore, the new speed will be 12.6 knots. Ans. 


ExampLe 2.—If a steamer consumes 60 tons of coal a day to pro- 
duce a speed of 9 knots, how many knots would she make if the coal 
consumption were decreased to 48 tons a day? 


So.ution.—The known speed is 9 knots, the coal consumption at 


that speed is 60 tors a day, and the new coal consumption is 48 tons a 
day. According to tke rule, therefore, the new speed is 


2/4898 3/48X729 . 
a =< a 9 _ 9583.5=8.35 knots. Ans. 


COMMON LOGARITHMS 


OF NUMBERS 


From 1 to 10,000. 


Lo Log, N. Log N Log. N Log N Log. 
Q —- ©] 20 30 103 | .40 60 206 | 60 77 815| 80 | 90 309 
I 00 000 | 2z B2n222 AL 61 278 | 6r | 78 533} 82 | 90 849 
2 30 103 | 22 34 242 42 62 325 | 62 | 79 239] 82 | or 381 
3 47 712} 23 36173 | 43 63 347 | 63 | 79 934] 83 | 91 908 
4 60 206 | 24 38 O21] 44 64 345 | 64 | 80 618] 84 | 92 428 
5 69 897} 25 | 39794] 45 | 65 321} 65 | 8 291] 85 | 92 942 
6 77 815 | .26 41 497} 46 66 276 | 66 | 81 954] 86 | 93 450 
| 7 84 510] 27 43 1361 47 67 210] 67 | 82 607] 87 | 93 952 
8 90 309 | 28 44 716 48 68 124] 68 | 83 251} 88 | 94 448 
9 95 424 29 46 240} 49 69 020 69 | 83 885} 89 | 94 939 
10 00 o00 | 30 47 712] 50 69 897 | @O | 84 510] 90 | 95 424 
iI 04 139} 31 49 136} 61 70.757 1.72 | 85 126} of | 95 904 
12 | 07 918} 32 | 50515] 52 | 71 600} 72 | 85 733] 92 | 96 379 
13 IX 394) 33 51 851 | 53 72 428 | 73 | 86 332} 93 | 96 848 
14 14 613] 34 53 148] 54 73 239. 74 | 86.923] 94 | 97 313 
15 17 609] 35 54 407} 55 74.036] 75 | 87 506] 95 | 97 772 
16 20 412] 36 55 630] 56 74 819} 76 | 88 o8t] 96 | 98 227 
17 23.045] 37 | 56 820] 57 | 75 587] 77 | 88 S49] 97 | 98 677 
18 | 25 527] 38 | 57978] 58 | 76343] 78 | 89 209] 98 | 99 123 
19 27 875 | 39 59 106} 59 77.085 | 79 | 89 7631 99 | 99 on 
20 30 103 | 40 | 60 206] 60. | 77 815 | 80 |,9° 309] 100 | 00 c00, 
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Par 

44 43 42 
r| 4.4] 4.3] 4.2 
2 8.8 8.6 8.4 
3 || 23.2, || 12-9) |) 12-6 
4 | 17-6 | 17.2 | 16.8 
5 | 22.0 | 21-5 | 21.0 
6 | 26.4 | 25.8 | 25.2 
7 | 30.8 | 30.1 | 29.4 
8 | 35-2 | 34-4 | 33-6 
9 | 39-6 | 38.7 | 37-8 


41 40 39 

2 | 4° ||) 4-0)|(aeo 
21.8.2] 8.0] 7.8 
3)] t2-3) | I2-0) flekEn7: 
4} 16.4 | 16.0 | 15.6 
5 | 20.5 | 20:0 | 19.5 
6 | 24.6 | 24.0 | 23.4 
7 | 28 7 | 28.0 | 27.3 
8 | 32.8 |.32.0 | 31.2 
_ 9 1 36.9 | 36-0 | 35.4 


38 37 36 
I 3.8 307 3-6 
2 7.6 7-4 7-2 
3 | 11.4 | Iz. | 10.8 
4 | 15.2 | 14.8 | 14.4 
5 | t9-9 | 18.5 | 18.0 
6 | 22.8 | 22.2 | 21.6 
7 | 26.6 | 25.9 | 25.2 
8 | 30.4 | 29.6 | 28.8 
9 1 34-2 1 33-3 1 32.4 


35 | 34 | 33 
Ty] 3-5] 3-4( 3-3 
21 7.0), 6LSi oso 
3] 10.5 | 10:2 | 9.9 
4] 14.0 | 13.6 | 13.2 
5 | 17-5 | 17-0 | 16.5 
6 | 21.0 | 20.4 | 19.8 
7 | 24-5 | 23-8 | 23.1 
8 | 28.0 | 27.2 | 26.4 
9 1 3t-5 | 30.6 | 29.7 

&F} \l cht 30 
Ti} 352))| Sek. <0 
2 6.4 6.2 6.0 
3| 9-6] 9-3] 9.0 
4} 12.8 | 12.4 | 12.0 
5 | 16.0 | 15.5 | 15.0 
© } 19.2 | 18.6 | 18.0 
7 | 22.4 | 21.7 | 21.0 
8 | 25.6 | 24.8 | 24.0 
9 | 28.8 | 27.9 | 27.0 
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L. 0 
17 609 
18 29 | 28 
z 2.9] 2.8 
2] 5.8] 5.6 
31 8.7] 84 
19 4 [11.6 | 11.2 i 
5 | 14-5 | 14-0 
6 | 17.4 | 16.8 | 
7 | 20.3 | 19.6 
8 | 23.2 | 22.4 
20 9 | 26.1 | 25.2 
27 | 26 
21 I 2.7 2.6 
2 5.4 5.2 
3} Sar] 928 
4 | 10.8 | 10.4 
5 | 13-5 | 13-0 
Be 6 | 16.2 | 15.6 
<7 1.18.9 | 18.2 
8 | 2126 | 20.8 
9 1 24-3 | 2364 
23 
25 
z] 2.5 
2] 5.0 
24, B lnges 
4 | 10.0 
5 | 12.5 
6} 15.0 
7 | 17-5 
25 8 | 20.0 
9 | 22-5 
26 241 23 
t{ 2.4] 2.3 
2| 4.8] 4.6 
3] 7-2] 6.9 
4] 9-6] 9.2 
5 | 12.0 as 
L 6 | 14.4 | 13. 
27 7 | 16.8 | 16.1% 
8 | 19.2 | 18.4 
Q } 21-6 | 20.7 | 
28 
22 21 
z] 2.2} 32-z 
a eee lees 
3 : 3 
29 4] 8.8] 8.4 
5] 11.0 | 10.5 
6| 13-2 | 12.6 
7 | 15-4 | 14.7 
8 | 17.6 | 16.8 
9 | 19.8 | 18.9 


im 
° 
~~ 
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233 |_255 
449 | 471 
664 | 685 
878} 899 
*ogt |*112 
302 | 323 
513] 534 
7231 744 
931 | 952 
139 | 160 
346 | 306 
552) 572 
750| 777 
g6o0 | 980 
163 | 183 
365 | 385 
566] 586 
766 | 786] 
965 | 985 |” 
163 | 183 
301 | 380 
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334 | 353 
526] 545 
717) 736 
908 927 
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286] 305 
474] 493 
661} 680 
847 | 866 
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218| 236 
401 
585 
707 
949 
130 
310 
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846 
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199 
375 
550 
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Mamie) 

54 407 432 
531 555 
654 679 
777 802 
goo 925 

55 023 047 
145 169 
267 | 291 
388 433 

_ 509 2} 534 
630 654 
751 775 
871 895 
got *015 

56 110 134 
229 253 
348 372 
467 499 
585 608 
793 726 
$20 844 
937 g61 

57 054 078 
171 194 
287 310 
403 420 
519 542 
634 657 
749: 772 
864 887 
978 | ggo |*oor 

58 og2 | 104] 115 
206 | 218] 229 
320 | 331} 343 
433 | 444] 456 
546 | 557] 569 
659 | 670] 681 
771 | 782) 794 
883 | 894] 906 
995 |*006 |*o17 

59 106 | 118] 129 

“218 | 229] 240 
329 | 340} 351 
439 | 450] 461 
550 | 501 | 572 
660 | -671 | 682 
770 | 780) 791 
879 | 890} gol 
988 | 999 |*o10 

60 097 | 108] IIg 
206 | 217] 228 

iv, @ ee 2 


PSP) 
13 
1 Ts 
2| 2.6 
3] 3-9 
4 5.2 
5] 65 
6 7-8 
7 gl 
8 | 10.4 
g | 11.7 
12 
1 1.2 
2| 2. 
3| 3.0 
4] 4-8 
5] 6:0 
6] 7.2 
7) 8.4 
8] 9.6 
g | 10.8 
11 
1 I.t 
2 2.2 
3 | 33 
4 | 4-4 
5 | 5-5 
6 | 6.6 
fh |) Yu 
8 | 8.8 
919.9 
10 
I 1.0 
2 2.0 
3 | 3-0 
414-0 
5 5-0 
6 | 6.0 
YE Vo 
8} 8.0 
919-0 
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61 066 | 077| 087 


4oL| 412 
509 | 520 
4617 | 627 
724 | 735 
831 | 842 
938 | 949 
*045 |*055 
151 | 162 
257} 268 


278,| 289] 300 


310} .321 


363 | 374 


384 | 395} 405 
490 | 500} 511 
595 | 606] 616 
7oo | 711} 721 
805 | 815] 826 
909 | 920) 930 


62 O14 | 024] 034 


118 | 128] 138 
220232) 242 


416| 426 
521 | 532 
627) 637 
731) 742 
836] 847 
941} 951 
045 | 055 
149] 159 
252) 263 


469 | 479 
574| 584 
679 | 690 
784 | 794 
888] 899 
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TABLE OF USEFUL NUMBERS 


Numerical 


Symbol | Numerical) Togarithm 
Diagonal of square whose sides is 1......... 4/2 1.4142 0.15052 
Side of square whose diagonal is 1.......... 12 0.70710 | 9.84948 
Diagonal of cube whose edgeis 1........... 3 esi 0.23856 
Edge of cube whose diagonal is1........... 4/3 | 0.57735 | 9.76144 
Circumference of circle whose diameter is 1. . 1 3.1416 | 0.49715 
Diameter of circle whose circumference is 1. . A 0.31831 | 9.50285 
Onemneterim yardstep tet ae eae ie 1.0936 0.03887 
Onegyandunmetersnae nae eeee re aoeree 0.91439 | 9.96113 
@nelcentimetenin imchesae aa seie ser aele 0.39370 | 9.59517 
@necwnchtinicentimetersenen series 2.5400 0.40483 
One square meter in square feet............ 10.764 1.03198 
One square foot in square meters........... 0.092901) 8.96802 
One cubic centimeter in cubic inches........ 0.061025) 8.78551 
One cubic inch in cubic centimeters......... 16.387 1.21449 
@nepitemimrcallons meee metaearomrtercor 0.26418 | 9.42190 
Onewrallonminalit cron eerie etereriacttere 3.7853 | 0.57810 
One alosramimin 0 Um dsaei eter ttre 2.2046 | 0.34333 
@nespoundiiagialogcramis seer iter 0.45359 | 9.65667 
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EXPONENTS 


1. Use of Logarithms.—For every number there is a corre- 
sponding number called a logarithm. By using logarithms, it 
is possible to shorten the time and labor involved in compu- 
tations, as numbers can then be multiplied together or one 
number can be divided by another with ease, and the powers or 
roots of numbers can be found without much difficulty. In 
fact, some computations that could not be carried out con- 
veniently by the usual arithmetical processes are rendered 
comparatively simple by the aid of logarithms. The use of 
logarithms would be much more common if they were more 
generally understood, and to obtain this understanding is not 
difficult. 

Later on it will be shown how the logarithm of any number 
can be obtained from a table and also how logarithms are used. 
But, before such explanations can be made, it is necessary to 
explain certain fundamental principles on which logarithms are 
based. 


2. Powers of Numbers.—If two or more numbers are multi- 
plied together, each of the numbers is called a factor of the 
product. For example, 3 and 4 are factors of 12, because 
3x4 = 12) cinnlariy, 2, 6, and 10 are factors of 120, since 
2X6X10=120. 

When any number is multiplied by itself one or more times, 
the product is known as a power of the number. The power is 
called the second power, third power, fourth power, etc., accord- 
ing to the number of times the given number is used as a 
factor. Thus, 49, which equals 7X7, is the second power of 7; 
125, which equals 5X55, is the third power of 5; and 64, 
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which equals 2X2X2X2X2X2, is the sixth power of 2. The 
second power of a number is commonly called the square of the 
number, and the third power is called the cube. 


3. Use of Exponents.—For the sake of brevity, a power of 
a number is generally indicated by writing the number and 
placing at its right and near its top a small figure that shows 
how many times the number is to be used as a factor. Such a 
small figure is known as an exponent. For example, the fifth 
power of 3 is written 3° and is read either as three to the fifth 
power or as three exponent five. The numerical value of the 
power that is so indicated may be found by using the number 
as a factor as many times as.is called for by the exponent. 
Thus, 3°=3X3X3X3xX3=243. A number without a written 
exponent may be considered to have the exponent 1, and any 
aumber with the exponent 1 is equal to the number itself. For 
instance, the number 10 is equal to 10, and 6! is equal to 6. 


4. Product of Two or More Powers of a Number.—If two 
or more indicated powers of the same number are multiplied 
together, the product is equal to the power of the number in 
which the exponent is the sum of the exponents in the factors. 
For example, to find the product of 2° and 2°, the exponents 3 
and 5 are added and the sum 8 is written as the exponent of 2 
in the product; that is, 2°xX25=2%+>=28 Similarly, 3°3!xX< 
3 = 35441 = 310, 


5. Quotient of Two Powers of a Number.—When one power 
of a number is divided by another power of the same number, 
the exponent of the number in the quotient is found by sub- 
tracting the exponent in the divisor from the exponent in the 
dividend. For example, if it is desired to divide 2% by 2%, the 
exponent 3 in the divisor is subtracted from the exponerit 8 in 
the dividend, and the difference 5 is written as the exponent of 
2in the quotient. In other words, 28+ 2?=28-=25, Similarly, 
10*+- 10? =.104 = 10?. 


6. Number With Zero as Exponent.—Any number with 
exponent 0 (zero) is equal to 1. For example, 10°=1. The 
truth of this equality can be shown by dividing a power of 10 
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by the same power. According to the preceding article, 
10°+10?=10?*=10°. Also, when any number is divided by 
itself, the quotient is 1 and, therefore, 102+10?=1. As the 
two quotients must be equal, 10°=1. 


7. Positive and Negative Quantities——In arithmetical sub- 
‘traction a smaller number is always subtracted from a larger 
number, but in some mathematical work it is necessary to sub- 
tract a larger quantity from a smaller quantity. For instance, 
it may be required to divide 10° by 10°, in which case the 
quotient would be 10°-°. When a larger number is subtracted 
from a smaller number, the difference is a negative number, or a 
number that is less than zero. The subtraction is carried out 
by subtracting the smaller number from the larger number and 
placing a minus sign (—) before the result to indicate that it is 
negative. Thus, 5 is subtracted from 3 by subtracting 3 from 
5 and writing a minus sign before the difference 2; that is, 
3—5=—2. The —2 means 2 less than zero. A number that 
is greater than zero is called a positive number. Such a number 
may be designated by writing a plus sign (+) before it, but it 
usually is written without any sign. 

The distinction between positive and negative quantities 
may be shown by the following simple illustrations. Tem- 
peratures above zero degrees are often considered positive, and 
those below zero are called negative; thus, a temperature of 
42° or +42° indicates 42 degrees above zero, and a temperature 
of —15° indicates 15 degrees below zero. A profit in business 
may be considered as a positive quantity, and a loss as a nega- 
tive quantity. A height above sea level may be called a 
positive elevation, and a depth below sea level a negative 
elevation. In general, the terms positive and negative may be 
used to distinguish between quantities that are of the same 
kind but are measured in opposite directions. 


8. Negative Exponents.—A negative exponent is one pre- 
ceded by a minus sign. Such an exponent is obtained when 
one power of a number is divided by a higher power of the same 
number. For example, when 10° is divided by 10°, the quotient 
is 103-®=10~-2, in which there is a negative exponent. 
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It can be shown that a number with a negative exponent is 
equal to 1 divided by the number with an equal positive expo- 
nent. Thus, if the division of 10% by 10° were performed by 
the usual arithmetical process, the quotient would equal 


101010 AMA Ed 1 
10x10X101010 10X10 10° 
Therefore, 10-?= a 
A number with a negative exponent is referred to as a negative 
power. For instance, 10~ is a negative power of 10; it is read 


10 to the minus 2 power. 


9. Roots of Numbers.—The process of extracting a root of 
a number is the reverse of raising a number to a power. Thus, 
the square root of a number is extracted by finding the factor 
which when multiplied by itself produces the given number; 
the cube root of a number is extracted by finding one of the 
three equal factors of that number; and the sixth root is extracted 
by finding one of six equal factors. 

The fact that a root of a number is to be extracted is usually 
indicated by means of a radical sign placed in front of the 
number; also, a small number, called an iudex, is written above 
the radical sign to show what root is desired. Usually a 
vinculum is connected with the radical sign and placed 
over the quantity to which the radical sign applies. For 
instance, “V8 indicates that the cube root of 8 is to be extracted. 
In the case of square root, it is not necessary to use the index 2, 
as the radical sign without an index is understood to indicate 
square root. Thus, V9 indicates the square root of 9. 

It is sometimes necessary to raise'a number to a power 
and to find the root of that power. For example, 8? indicates 
that it is desired to extract the cube root of the square of 8. 
The value of the root may be found by computing the square 
of 8, which is 64, and extracting the cube root of 64. 


10. Fractional Exponents.—The fact that a number is to be 
raised to a power and a root of that power is to be extracted 
may also be indicated by writing the number with a fractional 
exponent. The numerator of the fraction denotes the power 
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to which the number is to be raised and the denominator shows 
what root is to be extracted. For instance, V8? may be written 


as 83, 

Since any number may be considered to have an exponent 1, 
the fact that a root of a number is to be extracted may be 
indicated by writing the number with a fractional exponent 


in which the numerator is 1 and the denominator is the index 
il 


of the desired root. Thus, 215? means the same as *V215, or 
the cube root of 215. <A fractional exponent may be either a 
common fraction or a decimal. The meaning of a decimal 
exponent is readily seen if it is imagined to be replaced by its 


equivalent common fraction in which the denominator is a 
181 


multiple of 10. For example, 10'% is equivalent to 10, 
which equals’'V10"", or the hundredth root of 10 raised to 
the 18lst power. A number with a fractional exponent is 
called a fractional power. ‘ 

The principles stated in Arts. 4 and 5 in regard to multipli- 
cation and division of powers apply whether the exponents are 
whole numbers or fractions, or whether they are positive or 
negative numbers. For example, the exponent in the product 
of 10° and 10~ is equal to the sum of 5 and —2, which is 3; that 
(ol 0-2— 10° = 10'S “The product of 10%? and 10% is 
101-2+1-8=10?-5, the fractional exponents 1.2 and 1.3 being 
added as would be done for whole numbers. ‘To illustrate a 
case in division in which the exponents are fractions, let it be 
required to divide 107! by 10'°. Since the exponent in the 
quotient is equal to the difference between the exponents 1.5 
and 2.1, 10?-4+ 10%? =10?-415=10°. 


EXAMPLES FOR PRACTICE 


Multiply: Divide: 
(a) 8? by 8%. (é))) 22° by, 22: 
(6) 3? by: 3© (LZ? oy, 22: 
(@) AOE tony Ore, (g) 10? by 10%. 
(@) O22? toyiz OES (h) 103-1 by 10°-9. 


Express the result in each case as a number with an exponent. Try to 
solve all these examples before looking for the answers in the following list. 


Ans.—(a) 85; (b) 38; (c) 10%: (d) 10°-*; (e) 28; (f) 12°; (g) 1077; (2) 10? 
+235B—8 
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LOGARITHMS OF NUMBERS 


DEFINITIONS 


11. Definition of Logarithms.—Every number can be 
expressed as a power of 10. A number that is an integral power 
of 10, like 100 or 1,000, can be expressed as 10 with an exponent 
that is a whole number. Thus, 100=10? and 1,000=10%. Also 
a number that is not an integral power of 10, like 2 or 34, can 
be expressed as a power of 10 with an exponent that is either 
wholly or partly decimal. For instance, 2 is very nearly equal 
to 10°-33 and 34 is very nearly equal to 10153148, 

In the system of logarithms that is commonly used, the 
logarithm of a number is the exponent of the power to which 10 
must be raised to produce the given number. By this definition, 
the logarithm of 100 is 2, because the exponent of the power to 
which 10 must be raised to produce 100 is 2. Likewise, since 
1,000 = 10°, the logarithm of 1,000 is 83. The number 10 is the 
base of these logarithms. 

The abbreviation log is generally written instead of the words 
the logarithm of. For instance, the notation log 100 means the 
logarithm of 100. The abbreviation log should not be capitalized 
or followed by a period. 


12. Logarithms That Are Whole Numbers.—Positive 
integral powers of 10 may be arranged as follows: 


1=100 1,000 = 108 
10=10! 10,000 = 104 
100 =10? 100,000 = 108 


Since the logarithm of a number is the exponent of the power 
to which 10 must be raised to produce that number, it follows 
that 

log 1 =0 log 1:000" 33 

loge O.c= 1 log 10,000 =4 

log 100 =2 log 100,000 =5 
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Negative integral powers of 10 may also be arranged as 
follows: 


orl ae = Ae pe 
0.1 10 10 0.001 = 19° 10 : 
1 1 
eet (= 2 ft es 
0.01 10? 10 0.0001 =75;=10 e 


The logarithms of these powers are 


log 0.1 =-1 log 0.001 =—3 
log 0.01 = —2 log 0.0001 = —4 


In general, the logarithm of any number that is an integral 
power of 10, or a number that consists of 1 and ciphers, is a 
whole number. If the number is greater than 1, the logarithm 
is positive and is equal to the number of ciphers that. follow 
the 1. For the number 1 itself, the logarithm is zero. In case 
the number is less than 1, the logarithm is negative and is 
numerically one more than the number of ciphers between the 
decimal point and the 1. 


13. Characteristic and Mantissa——The logarithm of any 
number between 1 and 10 is zero plus a decimal, for it is more 
than 0 and less than 1. Likewise, the logarithm of a number 
between 10 and 100 is 1 plus a decimal, because it is more than 
1 and less than 2; and the logarithm of any number between 
100 and 1,000 is 2 plus a decimal. Also, since log 1 is 0 and 
log 0.1 is —1, the logarithm of any decimal number between 
0.1 and lis —1 plusa decimal; and, since log 0.01 is —2, the loga- 
rithm of a number between 0.01 and 0.1 is —2 plusadecimal. In 
general, therefore, the logarithm of a number consists of two 
parts, namely, a whole number, which is called the charac- 
teristic, and a decimal, which is called the mantissa. For 
example, to produce 20, the base 10 must have an exponent of 
1.30103, expressed to five decimal places, or 10'3%=20. 
Hence, log 20=1.30103, in which 1 is the characteristic and 
.30103 is the mantissa. The characteristic of a logarithm may 
be positive or negative, depending on whether the number is 
greater or less than 1. The mantissa is always positive; it is 
very important to remember this fact. 
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‘ 

The characteristic of the logarithm of any number can be 
readily determined by inspection of the number. However, 
the mantissa cannot usually be determined in this manner. If 
the number is an integral power of 10, as are the numbers con- 
sidered in the preceding article, the mantissa is zero. For any 
other number, the mantissa can be calculated only by a laborious 
process and is generally found by means of a table of logarithms, 
such as that given at the beginning of this text. 


DETERMINATION OF CHARACTERISTIC OF A LOGARITHM 


14. Characteristics for Numbers Greater Than 1.—The 
term integral figures is used to denote either all figures of a 
whole number or the figures preceding the decimal point in a 
number that is partly decimal. Also, the term decimal figures 
is applied to the figures that follow the decimal point in a 
number that is either wholly or partly decimal. 

The characteristic of the logarithm of any number greater 
than 1 is either zero or a positive number, and is one less than 
the number of integral figures in the given number. For 
example, the characteristic of the logarithm of 356 is 2, because 
356 is a whole number having three figures and 2 is 1 less than 
3.‘ Likewise, the characteristic of log 31.245 is 1, because 
31.245 contains two integral figures. The characteristic of log 
7.53 is 0 and that of log 1,728.0036 is 3 for similar reasons. 

When the characteristic of a logarithm is 0, the 0 is not 
always written, but it is generally considered preferable to 
show the 0. 


15. Characteristics for Numbers Wholly Decimal.—The 
characteristic of the logarithm of any number less than 1 is 
negative and is numerically one more than the number of 
ciphers immediately following the decimal point in the given 
number. The fact that the characteristic is negative may be 
indicated by writing a minus sign over it. Thus, log 0.2 may 
be written as 1.30103. It would not be correct to place a minus | 
sign in front of the characteristic, because when so written the 
minus sign would indicate that both the characteristic and the 
Mantissa are negative, whereas the mantissa is always positive. 
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Thus, —1.30103 means —1—.30103, while 1.30103 means 
Se 30103, 

For convenience, it is customary to change a logarithm with 
a negative characteristic to a positive form by adding 10 to the 
characteristic and writing minus 10 after the mantissa of the 
logarithm. For example, 1.30103, which is the logarithm of 
0.2, can be changed to a positive form by adding 10 to the 
negative characteristic —1 and by writing —10 after the man- 
tissa. The logarithm is then 9.30103—10. Since 10 is added 
and subtracted, the value of the logarithm is not affected and 
only its form is changed. In the logarithm 9.30103—10, the 
characteristic has two parts: the positive part 9 that precedes 
the mantissa, and the negative part —10 that follows the 
mantissa. 

The positive part of the characteristic of the logarithm of a 
number that is wholly decimal may be obtained directly by sub- 
tracting from 9 a number equal to the number of ciphers 
immediately following the decimal point in the given number. 
Thus, the positive part of the characteristic of log 0.067 is 
9—1=8, because there is one cipher immediately to the right 
of the decimal point; and the positive part of the characteristic 
of log 0.0005 is 6, since 9—3=6. Incase no cipher follows the 
decimal point, the characteristic is 9. For example, the positive 
part of the characteristic of log 0.5007 is 9—O=9, there being 
no cipher immediately after the decimal point. 

It is well for the beginner to write —10 after the mantissa of 
each logarithm in which the characteristic has been increased 
by 10 for the purpose of changing the logarithm to a positive 
form. The experienced computer usually omits the —10 but 
always understands it to be a part of the characteristic. 


16. Rules for Finding Characteristics—The characteristic 
of the logarithm of any number may be found by one of the 
following two rules: 

Rule I.—for a number greater than 1, the characteristic 1s one 
less than the number of integral figures in the number. 

Rule Il.—For a number that is wholly decimal, the positive 
pari of the characteristic is equal to the difference between 9 and 
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the number of ciphers UN following the decimal point in 
the number. 

It should be kept in ae that the characteristic of the 
logarithm of any number is determined entirely by the position 
of the decimal point in the number. 


EXAMPLES FOR PRACTICE 


What are the characteristics of the logarithms of the following num- 
bers? Use the positive form of the characteristic in each case. 


(a) 219 ((a) 2 
(b) 0.0125 (b) 8 
(c) 3,007 (c) 3 
(d) 0.00000375 (d@) 4-10 
(e) 4.245 (e) 0 
(f) 0.00542 Ane) > Caal0 
(g) 0.000000795 (g) 3-10 
(h) 1.05 (h) 0 
(i) 0.1497 (Gi) 9= 
(7) 700 (j) 2 
(k) 27.4 (k) 1 
(1) 0.0001 @ 610 


DETERMINATION OF MANTISSA OF A LOGARITHM 


MANTISSAS FOR NUMBERS WITH NOT MORE THAN 
FOUR SIGNIFICANT FIGURES 


17. Table of Mantissas for Whole Numbers From 1 to 
100.—The labor involved in computing directly even a single 
mantissa is so great that the use of logarithms is impracticable 
without a table. Mantissas are generally unending decimals. 
Therefore, when mantissas are computed for a table, the 
results can be carried to as many figures as are desired. The 
mantissas given in the Table of Common Logarithms at the 
beginning of this text were computed so as to be correct to five 
figures. By means of this table, the mantissa of the logarithm 
of any number can be readily determined to five figures. 

The mantissas of the logarithms of whole numbers from 1 to 
100 are given on page 1 of the table. In the column headed N. 
are the numbers; to the right of each number, in the adjoining 
column headed Log., is the mantissa of the corresponding 
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logarithm. Although tables like that given in this text are 
called tables of logarithms, they are actually tables of man- 
tissas, since the characteristics are not printed. Furthermore, 
the mantissas given in such tables are not preceded by decimal 
points, because in determining mantissas by means of a table 
it is convenient to treat them as whole numbers. However, 
it should be remembered that a mantissa is entirely decimal 
and that in every logarithm the mantissa should be preceded 
by a decimal point and a characteristic. Thus, the mantissa 
of log 2 is given as 30103, but the full value of the logarithm 
with the characteristic and the decimal point is 0.30103. Also, 
the mantissa of log 30 is given as 47712, but the complete 
logarithm is 1.47712. 

The part of the table on page 1 may occasionally be found 
useful, especially by the beginner; but many tables of logarithms 
are printed without this part, because the mantissas given on 
pages 2 to 19 can be used for finding the logarithms of numbers 
below 100. In general, pages 2 to 19 should be consulted when 
logarithms are being used. 


18. Significant Figures.—The logarithms of the numbers 
3, 30, 300, 0.3, 0.03, and 0.003 all have the same mantissa 
47712, but different characteristics. Thus, log 3=0.47712, 
log 830=1.47712, log 300 =2.47712, log 0.3=9.47712—10, log 
0.03 = 8.47712 —10, and log 0.003 = 7.47712 —10. Hence, in deter- 
mining the mantissas of logarithms, it is not necessary to con- 
sider ciphers at the end of any number or at the beginning of 
a number that is wholly decimal. The figures of a number 
that remain after such ciphers have been dropped are the 
significant figures. Thus, each of the numbers just given has 
only one significant figure, namely, 3. Similarly, each of the 
numbers 256, 25.6, 25,600, and 0.0256 has the three significant 
figures 256. In the case of the number 1,072, all four given 
figures are significant figures, because a cipher must be con- 
sidered as a significant figure when it occurs between two other 
significant figures. The number 107,200 likewise has the four 
significant figures 1072, as neither of the ciphers following the 
2 is a significant figure. It is important to remember that ail 
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numbers with the same significant figures have the same mantissa 
in their logarithms. 


EXAMPLES FOR PRACTICE 


Write the significant figures of each of the following numbers: 


(a) 2,348. (e) 0.075. 
(b) 23.48. (f) 0.0705. 
(c) 400. (g) 91,630. 
(d) 400.3. - (kh) 91,600. 


Ans.—(a) 2348; (b) 2348; (c) 4; (d) 4003; (e) 75; (f) 705; (g) 9163; 
(h) 916 


19. Mantissas of Logarithms of Whole Numbers With Four 
Figures.—On pages 2 to 19 of the table are given the mantissas 
of the logarithms of all whole numbers from 1,000 to 10,000. 
In the columns headed N. are numbers running from 100 to 
999. One of these numbers corresponds to the first three 
figures of the given number. To the right are ten columns 
headed 0, 1, 2, and so on to 9. One of these numbers is the 
fourth figure of the given number. The required mantissas 
are found from the figures in the ten columns that are headed 
0 to 9. 

In the column headed 0, either three or five figures are 
printed. Where the first two figures would be the same as 
those in the line above, they are not repeated, and a blank 
space is left. In the columns headed 1, 2, 3, etc., only the last 
three figures of the mantissas are given. The first two figures 
’ are the same as those of the first mantissa on the same line, 
except where a star (*) occurs. The star indicates that the 
first two figures of the mantissa are the same as those in the 
first mantissa in the line below. 

To find from the table the mantissa of the logarithm of a 
whole number with four figures, look in the column headed N. 
and find the first three figures of the given number. Then 
follow along the line across the page until the column is reached. 
which is headed with the fourth figure of the given number. 
In this line and in this column will be found the last three 
figures of the mantissa. For the first two figures, take the 
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first two figures of the mantissa in the same line, in the column 
headed 0, unless the printed mantissa is preceded by a star. 
In that case, take the corresponding two figures in the line 
below. 


EXAMPLE 1.—Find the logarithm of 1,040. 


SOLUTION.—The first step is to look in the column headed N. of the 
table for 104, the first three figures of the given number. This is found 
on page 2. In the same line with 104 and in the column headed 0, which 
is the fourth figure of the given number, are found the figures 703. These 
are the last three figures of the desired mantissa. As there is a blank 
space to the left of these figures, the first two figures 01 of the mantissa 
are taken from the first line above that contains five figures. Therefore, 
the mantissa of log 1,040 is 01703. Since there are four integral figures 
in 1,040, the characteristic of log 1,040 is 3, or 1 less than 4, and log 1,040 
is 3.01703. Ans. 


EXAMPLE 2.—Find the logarithm of 1,047. 


SOLUTION.—The figures 104 are located in the column headed N., as in 
the preceding example. Then, in the line with these three figures and in 
the column headed 7, which is the fourth figure of the given number, the 
figures 995 are found. These are the last three figures of the required 
mantissa. On the same line in the column headed 0, only three figures are 
printed. Hence, the first two figures of the mantissa are taken from the 
line above and the mantissa is 01995. Since the characteristic of log 
1,047 is 3, the required logarithm is 3.01995. Ans. 


EXAMPLE 38.—Find log 1,048. 


SoLuTion.—First, the figures 104 are located as before in the column 
headed N. Then, in the same line and in the column headed 8, are found 
the last three figures 036 of the required mantissa. However, as these 
figures are preceded by a star, the first two figures of the mantissa are the 
same as those on the line below in the column headed 0, and are 02. 
Thus, the required mantissa is 02036, and log 1,048=3.02036. Ans. 


EXAMPLES FOR PRACTICE 


Find the logarithm of each of the following numbers: 


(a) 4,080. (d) 7,854. 
(b) 9,700. (e) 1,906. 
(cy 35673: (f) 4,678. 


Ans.—(a) 3.61066; (b) 3.98677; (c) 3.56502; (d) 3.89509; (e) 3.28012; 
(f) 3.67006 


14 LOGARITHMS 


20. Mantissa for Any Number With Not More Than Four 
Significant Figures——As previously explained, all numbers 
that have the same significant figures have the same mantissa 
in their logarithms. Therefore, in finding the mantissa of the 
logarithm of a whole number that consists of four significant 
figures followed by ciphers, these ciphers may be disregarded. 
Also, if a number with four significant figures is wholly or partly 
decimal, the decimal point and any ciphers preceding the 
significant figures may be disregarded and the number may be 
treated as a whole number with the same four significant 
figures. For example, the mantissa of log 104,800, log 10.48, 
or log 0.01048 is found as if the number were 1,048. The 
characteristics of the logarithms of these numbers would, of 


course, be different and would be determined by the rules in 
Art. 16. 


EXAMPLE 1.—Find log 25.47. 


SoLuTION.—The mantissa of log 25.47 is the same as that of log 2,547, 
which is found as follows: The first three figures 254 are located in the 
table in the column headed N. In line with these figures and in the 
column headed 7 are found the figures 603, which are the last three figures 
of the mantissa. The next step is to go back to the column headed 0 and 
to glance upward until the first two figures 40 of the mantissa are reached. 
Thus, the required mantissa is found to be 40603. Since the characteristic 
of log 25.47 is 1, log 25.47=1.40603. ~Ans. 


EXAMPLE 2.—What is the logarithm of 107,300? 


SOLUTION.—To find the mantissa of log 107,300, disregard the last two 
ciphers and consider the number 1,073. Therefore, look for 107 in the 
column headed N., follow the line thus located to the column headed 3, 
and record the figures 060 found there. Since these figures are preceded 
by a star, find the first two figures of the mantissa, namely, 03, in the 
column headed 0 and in the line below. The mantissa is, therefore, 
03060. In this case, the characteristic is 5. Hence, log 107,300 = 5.03060. 


Ans. 
EXAMPLE 3.—Find log 0.06313. 


SoLution.—To find the mantissa of this logarithm, treat the number 
as if it were 6,313. Thus, locate 631 in the column headed N.; find the 
last three figures of the mantissa, or 024, in the same line in the column 
headed 3; and in this case find the first two figures of the mantissa, or 80, 
im the same line in the columin headed 0. The mantissa is 80024. The 
positive part of the characteristic of the logarithm of the given number is 
9—1, or 8, and log 0.06313 =8.80024—10. Ans. 
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21. If the given number contains less than four significant 
figures, the significant figures are written and a cipher or 
ciphers are annexed to make up a number of four figures. The 
mantissa of this number is the required mantissa. For example, 
if the given number is 104, one cipher is annexed and the num- 
ber used in finding the mantissa is 1,040. Similarly, if the 
given number is 0.368, one cipher is annexed to the significant 
figures 368, and the number obtained is 3,680. 

In the case of the number 0.0036, two ciphers are annexed 
to the significant figures 36 and the number 3,600 is obtained. 
However, the mantissa of the logarithm of any number con- 
taining only one or two significant figures may be taken 
directly from page 1 of the table. It is the mantissa of the 
whole number consisting of the same one or two significant 
figures. Thus, the mantissa of log 0.0036 is the same as the 
mantissa of log 36, which is 55630. But, as previously stated, 
a page like this is not always given in tables of logarithms, 
because the mantissas of the logarithms of numbers with one 
or two significant figures can be easily found from pages 2 to 19. 


EXAMPLE 1.—Find the logarithm of 476. 

SoLuTION.—First a cipher is added to the given number to obtain the 
number 4,760, which contains four figures. Then, the first three figures 
476 are located in the column headed N., and in line with these figures in 
the column headed 0 are found the figures 761, which are the last three 
figures of the required mantissa. Since there is a blank space in front of 
these figures in the table, the first two figures are found by glancing upward 
in the column headed O until the figures 67 are reached. The mantissa 
of log 476 is 67761. As the characteristic of log 476 is 2, log 476 =2.67761. 

Ans. 

EXAMPLE 2.—Find the logarithm of 0.0026, (a) by using page 1 of the 
table, and (b) without using page 1. 

. SoLUTION.—(a) The significant figures of 0.0026 are 26, and the man- 
tissa given on page 1 for log 26 is 41497. Therefore, log 0.0026 = 7.41497 
—10. Ans. 

(b) If page 1 is not available, the mantissa of log 0.0026 is. determined 
by first writing the significant figures 26 and annexing two ciphers to 
obtain the number 2,600, and then finding the mantissa of log 2,600 in 
the following manner: Opposite the figures 260 in the column headed 
N. on page 5 and in the column headed 0 are the three figures 497. Since 
the first two figures of the mantissa are 41, the mantissa is 41497. There- 
fore, log 0.0026 =7.41497—10. Ans. 


> 
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EXAMPLES FOR PRACTICE 


Find the logarithms of the following numbers: 


(a) 0.062. (e) 89.42. 

(b) 620. (f) 10,000. 
©) 21.4 (g) 35,030. 
(d) 0.000067. (h) 575,900. 


Ans.—(a) 8.79239—10; (b) 2.79239; (c) 1.83041; (d) 5.82607—10; 
fe) 1.95143; (f) 4.00000; (g) 4.54444; (h) 5.76035 


MANTISSAS FOR NUMBERS WITH MORE THAN FOUR 
SIGNIFICANT FIGURES 

22. General Principle of Interpolation.—The table on pages 
2 to 19 can also be used for finding the mantissas of the loga- 
rithms of numbers containing more than four significant figures. 
Such a mantissa is intermediate between two values given in 
the table, and is found by a process known as interpolation. 

The general principle involved in interpolation may be 
illustrated by finding the mantissa of log 31,416. Obviously, 
this mantissa must be greater than that of log 31,410, which is 
the same as for log 3,141 and is 49707, and less than that of 
log 31,420, which is the same as for log 3,142 and is 49721. 
The required mantissa may therefore be found by adding a cer- 
tain number to 49707. The difference between the mantissas of 
log 3,142 and log 3,141 is 49721—49707=14. Hence, for a 
difference of 1 unit in the fourth figure of the number there is 
in this case a difference of 14 units in the mantissa. Since 1 
unit in the fourth place is equal to 10 units in the fifth place, 
an increase of 1 unit in the fifth place in the number corresponds 


to an increase in the mantissa of ‘i of 14, or 1.4 units. For 


an increase of 6 units in the fifth place, there would be an 
increase of 6X1.4=8.4 in the mantissa. As 8 is the whole 
number nearest to 8.4, the number to be added to the mantissa 
of log 3,141 is 8. The mantissa of log 31,416 is 49707+8 
= 49715, and log 31,416 =4.49715. 

When a five-place table of mantissas is used for finding the 
logarithm of a number containing six or more significant 
figures, it is not practical to consider more than five figures, 
because the accuracy of the final result will not be increased by 
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the use of a greater number of figures. Therefore, all significant 
figures beyond the fifth may be replaced by zeros and, if the 
sixth figure is 5 or more, the fifth figure should be increased by 
1. Thus, if the given number is 31,415,426, the mantissa of 
log 31,415,000 or of log 31,415 should be found; and, if the 
given number is 31,415,926, the mantissa of log 31,416,000 or 
of log 31,416 should be used. 

If the given number is partly or entirely decimal, it is not 
necessary to replace by zeros decimal figures beyond the fifth 
significant figure, and these figures are merely dropped; the 
fifth figure is increased by 1 if the sixth figure is 5 or more. 
For instance, if the number is 0.0700256, the mantissa would 
be found for 0.070026; 3.14159 would be considered 3.1416; 
and 279,349.3 would be considered 279,350. 


23. When interpolation is necessary, the number that is to 
be added to a mantissa given in the table is called the pro- 
portional part. ‘The difference between two consecutive man- 
tissas in the table is called the table difference or the tabular 
difference. ‘To find the mantissa for a number of five significant 
figures, the first step is to find the mantissa for the number 
that consists of only the first four significant figures of the 
given number. The second step is to determine the table 
difference for this mantissa, or the difference between this 
mantissa and the next larger mantissa in the table. The 
third step is to compute the required proportional part by 
multiplying one-tenth of the table difference by the fifth sig- 
nificant figure of the givennumber. The fourth step is to obtain 
the required mantissa by adding this proportional part to the 
mantissa for the number of only four significant figures. The 
proportional part that is used for the interpolation is the whole 
number nearest to the computed proportional part. The 
computations for determining the mantissa of log 31,416 may 
be conveniently arranged as follows: 


mantissa of log 3,142 = 49721 
mantissa of log 3,141 = 49707 


table difference = 14 
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proportional part =6X1.4= 8 
mantissa of log 3,141 = 49707 
mantissa of log 31,416 =49715 


24. Tables of Proportional Parts.—Instead of computing 
che proportional parts, as was done in the preceding article, 
the proportional parts for each table difference can be taken 
directly from the auxiliary tables in the columns headed P.P. 
(proportional parts) on pages 2 to 19. For convenient refer- 

ence, the table of proportional parts for a table 
14 difference of 14 is reproduced here. In this table, 


1 1.4 the heading 14 denotes the table difference; the 
2 2.8 figures in the left-hand column represent the fifth 
= 42 figures of numbers with more than four significant 
se figures; and the numbers under the heading in the 
é a4 right-hand column are the proportional parts for 
q 9.8 the respective fifth figures and the particular table 
8 11.2 difference. For example, in the case of the man- 
9 12.6  tissa of log 31,416, the table difference, or the dif- 


ference between the mantissa 49707 of log 3,141 and 
the mantissa 49721 of log 3,142, is 14; and the fifth figure of 
the givennumberis6. Inthe table of proportional parts headed 
14, the proportional part opposite 6 is found to be 8.4, or 8. 
As in the preceding article, this proportional part should be 
added to the mantissa 49707 of log 3,141 to obtain che man- 
tissa 49715 of log 31,416. 


25. The procedure for determining the mantissa of the 
logarithm of a number containing five significant figures by 
using the table of proportional parts is as follows: 

First find from the columns of mantissas the mantissa corre- 
sponding to the first four significant figures of the given number 
and also the next larger mantissa in the table. 

‘Second, compute the table difference by subtracting the first of 
these mantissas from the second one, and locate the auxiliary 
table of proportional parts for that table difference in a column 
headed P. P.; the desired auxiliary tablz will generally be on the 
same page as the mantissas, 
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Third, find the required proportional part in that auxiliary 
table opposite the fifth figure of the given number. 


Fourth, add this proportional part to the mantissa corresponding 
to the first four figures of the given number. 


EXAMPLE 1.—Find the logarithm of 380.93. 


SOLUTION.—The first four significant figures of the given number are 
3809, and from page 7 of the table it is found that the mantissa of log 
’ 3,809 is 58081 and that the mantissa of log 3,810 is 58092. Hence, the 
table difference is 58092—58081=11. The next step is to locate the 
auxiliary table headed 11 in the column headed P. P. It is found there 
that the proportional part corresponding to the fifth figure 3 of the given 
number is 3.3, or 3. The required mantissa is, therefore, 58081+3 
= 58084. Since the number has three integral figures, the characteristic 
is 2, and log 380.98 =2.58084. Ans. 

If the two mantissas that are found directly from the table are copied 
for the purpose of determining the table difference, it will be convenient 
first to record the mantissa for the first four significant figures of the 
given number and then to write above it the mantissa for the next larger 
number. The complete work for finding the logarithm may be tabulated 
in the following manner: 


mantissa of log 3,810 =58092 
mantissa of log 3,809 =58081 


table difference = ii 


IDV IE), soyP 3) = 3 
mantissa of log 3,809 =58081 


mantissa of log 38,093 = 58084 
Thus, log 380.93 =2.58084. Ans. 
EXAMPLE 2.—Find the logarithm of 1,296,728. 
SoLuTIon.—For finding the mantissa, the number considered is 12,967. 
‘This mantissa is determined as follows: i 


mantissa of log 1,297 =11294 
mantissa of log 1,296 =11261 


table difference = - 33} 


1D sKore = 23 
mantissa of log 1,296 =11261 


mantissa of log 12,967 = 11284 
The characteristic is 6, and log 1,296,728=6.11284. Ans. 
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EXAMPLE 3.—Find log 0.096725. 


SoLuTION —The mantissa of log 96,725 is found as follows: 


mantissa of log 9,673 =98556 
mantissa of log 9,672 =98552 


table difference = 4 


IID. hoe = 2 
mantissa of log 9,672 =98552 


mantissa of log 96,725 = 98554 


In this case, the positive part of the characteristic is 8. Therefore, 


log 0.096725 =8.98554—10. Ans. 
ExaMPLe 4.—What is log 89.1269? 


SoLuTION.—The mantissa is the same as that of log 89,127, which is 


found in the following manner: 


mantissa of log 8,913 =95002 
mantissa of log 8,912 =94998 


table difference = 4 


IPL 12), sore 7 = 3 
mantissa of log 8,912 =94998 


‘mantissa of log 89,127 =95001 
- The characteristic is 1 and log 89.1269 =1.95001. 


Ans. 


26. The calculations for obtaining the mantissa of a 
logarithm by interpolation can be made mentally without much 
difficulty. As the table differences are small numbers, the 
largest table difference being 44, the difference between two 
consecutive mantissas in the table can be found without copy- 
ing the mantissas. The proportional part corresponding to 
the table difference and the fifth figure of the given number 
can then be taken directly from the proper table of proportional 
parts, and this proportional part can be added mentally tc the 
mantissa that corresponds to the first four figures of the given 


number. 
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EXAMPLES FOR PRACTICE 
Find the logarithms of the following numbers: 


(a) 89.426. (e) 3.00026. 
(b) 89.428. (f) 0.785398. 
(c) 0.0010823. (g) 0.025741. 
(d) 1,923.208. (h) 510.57. 


Ans.—(a) 1.95146; (b) 1.95147; (c) 7.03435—10; (d) 3.28403; (e) 
0.47717; (f) 9.89509—10; (g) 8.41063—10; (z) 2.70806 


DETERMINATION OF ANTILOGARITHMS 
FINDING ANTILOGARITHM DIRECTLY FROM TABLE 


27. General Principle.—After one knows how to obtain the 
logarithm of a number from a table, it is not a difficult matter 
for him to learn how to find the number corresponding to a 
given logarithm. The figures that form the number corre- 
sponding to a logarithm depend entirely on the mantissa of the 
logarithm. The characteristic of the logarithm serves to 
indicate the position of the decimal point in the number. The 
number that corresponds to a logarithm is known as the antz- 
logarithm of the given logarithm. The abbreviation antilog is 
usually written instead of the words the antilogarithm of. 


28. Rules for Locating Decimal Point——The rules for 
locating the decimal point in an antilogarithm, which can be 
derived by reversing the rules given in Art. 16, may be stated 
as follows: 

Rule L—J, f the characteristic of the logarithm ts positive, the 
number of integral figures tn the antilogarithm 1s one more than 
the characteristic. 

Rule II.—/Jf the logarithm has a negative characteristic expressed 
in positive form, the antilogarithm 1s wholly decimal and the 
number of ciphers immediately following the decimal point 1m the 
antilogarithm is found by subtracting the positive part of the 
characteristic from 9. 

For example, if the characteristic of a logarithm is 2, the 
antilogarithm has 2+1, or 3, integral figures. If the charac- 
teristic is 0, there is O+1, or 1, figure before the decimal point 
in the antilogarithm. Again, if the positive part of a negative 
235B—9 
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characteristic that is expressed in positive form is 7, the corre- 
sponding number is wholly decimal and contains 9—7, or 2, 
ciphers immediately after the decimal point. If the positive 
part of the negative characteristic is 9, the corresponding 
number in this case also is wholly decimal but there is no 
cipher immediately following the decimal point, since 9—9=0. 


29. Types of Problems in Finding Antilogarithms.—The 
mantissa of the given logarithm may or may not be found in 
the table. If the mantissa is found in the table, the required 
number has not more than four significant figures, and these 
are given directly. The first three are in the column headed 
N. on the same line with the mantissa, and the fourth is at the 
head of the column in which the last three figures of the man- 
tissa are located. When the given mantissa is not found in 
the table, the first four significant figures of the required num- 
ber correspond to the next smaller tabulated mantissa, and the 
fifth figure of the number may be found by interpolation. For 
certain computations that come up in practice, it may be 
sufficient to find only four figures in the number. The number 
corresponding to the nearest tabulated mantissa may then be 
taken. In the problems in this text, interpolation should be 
employed to find the fifth figure of the number. When five- 
place tables of mantissas are used, it is not practical to find 
more than five figures of a number from those tables. 


30. Procedure in Finding Antilogarithm When Mantissa Is 
Given in Table——The number corresponding to a logarithm 
whose mantissa is found in the table may be determined in 
the following manner: First, locate the first two figures of 
the given mantissa in the column of the table headed 0. Next 
giance through the mantissas beginning with these two figures 
until the given mantissa is found. Among these mantissas 
should be included also those whose last three figures are 
preceded by a star in the line above the one in which the 
first two figures are located. The first three significant 
figures of the required number are those in the column headed 
N. on the line with the last three figures of the mantissa, 
and the fourth significant figure of the number is that at the 
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head of the column containiny the last three figures of the 
mantissa. After the significant figures of the required num- 
ber are determined from the mantissa of the logarithm, the 
decimal point is located in the number by considering the 
characteristic of the logarithm. If the characteristic is greater 
than 3, ciphers should be annexed to the four significant figures 
to provide the required number of integral figures. 


EXAMPLE 1.—Find the number whose logarithm is 3.56867. 


So_utTion.—The first step is to locate the first two figures of the man- 
tissa, or 56, in one of the columns headed 0. ‘These figures are located in 
the column headed 0 that is on page 7 of the table. The next step is to 
look through the mantissas that begin with these two figures until the last 
three figures of the mantissa, or 867, are located. These are found in line 
with the number 370 of the column headed N. and in the column headed 
4. Hence, the first three figures of the required number are 370 and the 
fourth figure is 4; that is, the significant figures in the number are 3704. 
Since the characteristic of the given logarithm is 3, the number should 
contain four integral figures, and the required number is 3,704. Ans. 


EXAMPLE 2.—Find the number whose logarithm is 8.40858 — 10. 


SoLution.—In this case, the first two figures 40 of the mantissa are 
found in the column headed 0 on page 5 of the table, and the last three 
figures of the mantissa, or 858, are found in line with the number 256 of 
the column headed N. and in the column headed 2. The four significant 
figures of the required number are therefore 2562. As the positive part 
' of the characteristic of the logarithm is 8, the number of ciphers following 
the decimal point in the antilogarithm is 9-8=1. Hence, the required 
number is 0.02562. Ans. 


EXAMPLE 3.—What is the number whose logarithm is 5.81478? 


SoLution.—The first two figures of the mantissa, or 81, are found on 
page 13 of the table, and the last three figures, or 478, are located in line 
with the number 652 of the column headed N. and in the column headed 
8. Therefore, the significant figures in the required number are 6528. 
Since the number must have 5+1=6 integral figures, it is 652,800. Ans. 


EXAMPLE 4.—Find the number whose logarithm is 0.88081. 


SoLuTION.—The given mantissa is found on page 15 of the table in line 
with the number 760 of the column headed N. and in the column headed 
0. Therefore, the first three figures of the number that corresponds to 
the mantissa are 760 and the fourth figure is 0. Since the characteristic 
of the given logarithm is 0, there should be one integral figure in the 
corresponding number, which is 7.600, or 7.6. Ans. 
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EXAMPLE 5.—Find the number whose logarithm is 1.04727. 


So.ution.—The first two figures of the mantissa, or 04, are found in 
the column headed 0 on page 2 of the table, and the last three figures of 
the given mantissa, or 727, are located in line with the number 111 of the 
column headed N. and in the column headed 5. Hence, the significant 
figures in the required number are 1115, and the number is 11.15. Ans. 


EXAMPLE 6.—Find the number whose logarithm is 2.27091. 


SoLuTION.—The first two figures of the mantissa, or 27, are found in 
the column headed 0 on page 3 of the table. The last three figures 091 
of the given mantissa are located in the line above in the column headed 6 
and opposite the number 186 of the column headed N. The figures 091 
are preceded by a star to show that the complete mantissa is 27091, not 
26091. Therefore, the significant figures are 1866, and the required 
number is 186.6. Ans. 


EXAMPLES FOR PRACTICE 


Find the numbers corresponding to the following logarithms: 


(a) 0.74453. (e) 6.96009—10. 
(0) 4.38471. (f) 2.30428. 
(c) 9.84510—10. (g) 0.42439. 
(d) 1.84510. (h) 8.82458—10. 


Ans.—(a@) 5.553; (6) 24,250; (c) 0.7; (d) 70; (e) 0.0009122; (f) 201.5, 
(g) 2.657; (h) 0.06677 


FINDING ANTILOGARITHM BY INTERPOLATION 


31. When the mantissa of the given logarithm is not tabu- 
lated and the corresponding number is to be found correct to 
five significant figures, the method of procedure in determining 
the significant figures is as follows: 

First, find the tabulated mantissa that is nearest to, but smaller 
than, the given mantissa, and record the four figures of the number | 
that corresponds to this next smaller mantissa; these are the first 
four significant figures of the required number. 

Second, obtain the table difference by subtracting the next 
smaller printed mantissa from the next greater one, and also 
compute the proportional part for the given mantissa by subtract- 
ing the next smaller printed mantissa from the given mantissa. 


Third, find the fifth significant figure of the required number 


from the auxiliary table of proportional parts that is headed by 
the table difference. 
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Fourth, consider the characteristic and locate the decimal point 
in the required number or annex ciphers tf the characteristic is 
positive and greater than 4. 


The fifth figure is found in the first column of the auxiliary 
table, opposite either the computed proportional part or the 
printed proportional part that is nearest to the computed 
value. If the computed proportional part is midway between 
two proportional parts given in the table, it is customary tc 
take for the fifth significant figure the number in the first 
column opposite the larger of the two proportional parts in the 
table. 


EXAMPLE 1.—Find the number whose logarithm is 2.56871. 


SOLUTION.—Since the given mantissa 56871 is not found in the table, 
the first step is to find the first four significant figures of the required num- 
ber by determining the four figures that correspond to the next smaller 
printed mantissa, which is 56867. These four figures are 3704. The 
next step is to find the table difference, or the difference between the next 
smaller printed mantissa 56867 and the next greater mantissa 56879, 
which is 12; and also the proportional part, or the difference between the 
next smaller mantissa 56867 and the given mantissa 56871, which is 4. 
The third step is to locate the auxiliary table of proportional parts that 
is headed 12 and to find in the second column,of that table the printed 
proportional part nearest to 4. This nearest proportional part is 3.6, 
and the number in the first column opposite it is 8. Hence, the fifth 
significant figure of the required number is 3, and the five significant 
figures are 37043. 


As the characteristic of the given logarithm is 2, the required number 
will contain 2+1, or 3, integral figures. Therefore, the antilogarithm of 
2.56871 is 370.43. _ Ans. 

The computations may be indicated in the following manner: 

Next lower mantissa =56867=mantissa of log 3,704 


next greater mantissa = 56879 given mantissa = 56871 
next lower mantissa =56867 next lower mantissa = 56867 

table difference = 12 proportional part = 4 
fifth significant figure= 3 


Since the characteristic is 2, the required number is 370.43. Ans. 


EXAMPLE 2.—Find the number whose logarithm is 0.93036. 


SoLuTION.—The given mantissa 93036 is not found in the table and 
the next smaller printed mantissa 93034 is therefore located. The figures 
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in the corresponding number, which are also the first four significant 
figures of the required number, are 8518. 

The table difference is 93039—93034=5, and the proportional part is 
93036—93034=2. In the auxiliary table of proportional parts that is 
headed 5, the proportional part 2 is found opposite the number 4. Hence, 
the fifth significant figure of the required number is 4 and the five sig- 
nificant figures are 85184. Since the characteristic of the given logarithm 


is 0, there is one integral figure in the required number, which is 8.5184. 
Ans. 


EXAMPLE 3.—What is the number whose logarithm is 8.05753—10? 


SoLution.—The next smaller printed mantissa, or 05729, is found in 
the table in the column headed 1 and on the line with the figures 114 in 
the column headed N. Therefore, the first four significant figures of the 
required number are 1141. The table difference is 05767 —05729 =38 
and the proportional part is 05753—05729=24. In the auxiliary table 
of proportional parts that is headed 38, the proportional part nearest to 
24 is 22.8. The number in the first column opposite 22.8 is 6, which is 
the fifth significant figure of the required number, and the five significant 
figures of the number are 11416. 

The —10 in the logarithm shows that the required number is wholly 
decimal, and the positive part 8 of the characteristic shows that one 
cipher should follow the decimal point. Hence, the number whose 
logarithm is 8.05753—10 is 0.011416. Ans. 


32. The fifth significant figure of a number corresponding 
to a logarithm can be determined without a table of proportional 
parts by dividing the computed proportional part by one- 
tenth of the table difference. Thus, in example 3, Art. 31, 
where the table difference is 38 and the proportional part is 24, 
the fifth figure of the required number may be found as follows: 


24 
Age ie 6. 


EXAMPLES FOR PRACTICE 


Find the numbers corresponding to the following logarithms: 


(a) 3.78942. (e) 7.23417. 
(b) 0.50210. (f) 1.44969. 
(c) 8.63491—10. (g) 0.50000. 
_ (d) 9.07619—10. (hk) 2.98273. 


Ans.—(a) 6,157.7; (b) 3.1776; (c) 0.043143; (d) 0.11918: (e) 17,146,000; 
(f) 28.164; (g) 3.1623; (h) 961.02 
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PRACTICAL APPLICATIONS OF LOGARITHMS 


MULTIPLICATION BY USE OF LOGARITHMS 


33. General Rule for Multiplication—When two or more 
indicated powers of a number are multiplied together, the 
exponent of the number in the product is equal to the sum 
of the exponents in the factors. Since the logarithms of 
numbers are the exponents of the powers to which 10 must 
be raised to produce those numbers, the logarithm of the 
product of two or more numbers is equal to the sum of the 
logarithms of the numbers. As an illustration, let it be 
required to find the product of 2 and 3. The logarithm of 
2 is 0.30108, the logarithm of 3 is 0.47712, and the sum of 
these logarithms is 0.77815, which is the logarithm of 6. 

The rule for multiplication by the use of logarithms is as 
follows: 

Rule.—To multtply two or more numbers by using logarithms, 
add the logarithms of the given numbers and thus obtain the 
logarithm of the product. Then find the number corresponding 
to that logarithm. 


34. Multiplication of Numbers Greater Than 1.—When all 
the factors are greater than 1, the logarithm of their product 
is found by adding the logarithms of the factors by the usual 
arithmetical process. 

ExAMPLE.—Find the product of 4.38, 5.217, and 83. 

SOLUTION.— log 4.38 =0.64147 


log 5.217 =0.71742 
log 88 =1.91908 


By addition, log product =3.27797 
The number whose logarithm is 3.27797 is 1,896.6. Hence, 
4.38 X 5.217 X83 =1,896.6. Ans. 
By actual multiplication, the product is found to be 1,896.58818. 
Therefore, in this case, the result obtained by using logarithms is correct 
to five figures. However, the fifth figure may not always be exact. 
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35. Multiplication Involving Numbers Wholly Decimal. 
If numbers that are wholly decimal are to be multiplied, the 
logarithms will contain —10’s. The sum of the —10’s must 
be included as part of the sum of the logarithms, which is the 
logarithm of the product. Whenever the negative part of the 
sum is smaller than the positive part, the indicated subtraction 
is actually performed in order to have the logarithm in its 
simplest form. If, however, the negative part of the logarithm 
is the larger and is more than 10, it is reduced to 10 by sub- 
tracting the necessary number from it and also from the 
positive part of the logarithm. 


ExAmeLe 1.—Determine the product of 49.82, 0.00248, 17, and 0.97. 


SOLUTION.— log 49.82 = 1.69740 
log 0.00248 = 7.38561—10 
log 17 = 1.23045 
log 0.97 = 9.98677—10 
By addition, log product = 20.30023 — 20 
= 0.30023 


The number corresponding to this logarithm is 1.9968, or 
49.82 X 0.00243 X 17 X 0.97 =1.9963. Ans. 


In this case, the positive part of the logarithm of the product is greater 
than the negative part, and this logarithm is reduced to the simple form 
0.380023 by performing the indicated subtraction. 


EXAMPLE 2.—Find the product of 49.82, 0.00248, 0.17, and 0.97. 


SOLUTION.— log 49.82 = 1.69740 
log 0.00243= 7.38561—10 
log 0.17 = 9.23045—10 
log 0.97 = 9.98677—10 
By addition, log product =28.30023 —30 
20 —20 
8.30023 —10 


The corresponding number is 0.019963. Ans. 


In this case, the characteristic of the positive part of the logarithm 
of the product is 28 and the negative part is 30. Therefore, the logarithm 
should be simplified by reducing the negative part to 10, and this is accom- 
plished by subtracting 20 from both the negative part and the positive 
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part of the logarithm. The logarithm of the required product then 
becomes 8.30023 —10. 


EXAMPLE 3.—Find the product of 2,578.6 and 0.04326. 


SOLUTION.— log 2,578.6 = 3.41138 
log 0.04326= 8.63609—10 


log product = 12.04747—10 
= 2.04747 =log 111.55 


Thus, 2,578.6 X 0.04326 =111.55. Ans. 


36. Care in Use of Abbreviation log.—In setting down 
logarithmic calculations, care must be taken to show properly 
which numbers are logarithms and which are numbers 
corresponding to logarithms. Since log is the abbreviation for 
the logarithm of, it is to be written only before the number 
whose logarithm either is known or is to be found. It is never 
written before the logarithm. This point should be carefully 
noted. In example 3 of Art. 35, it is correct to write 2.04747 
=log 111.55; but it would not be correct to write log 2.04747 
= 111.55, since 111.55 is not the logarithm of 2.04747. 


EXAMPLES FOR PRACTICE 


Find the products of the following by the use of logarithms: 


(a) 100X32X31.64. 

(6) 23.1 59.64 X 7.863. 

(c) 0.00354 X 0.275 X 0.0198. 

(d) 2.763 X 59.87 X 0.264 x 0.001702. 


Ans.—(a) 101,250; (6) 10,833; (c) 0.000019275; (d) 0.074328 
Solve the following by the use of logarithms: 
(e) Find the area of a rectangular lot having a frontage of 126 ft. 63 in. 


(equal to 126.54 ft.) and a depth of 286 ft. 3 in. (equal to 286.25 ft.). 
Ans. 36,223 sq. ft. 


(f) What will be the total cost of six lines of copper wire, each 19.5€ 
miles long, if 1,000 feet of wire weighs 49.98 pounds and the cost per 


pound is 182 cents? There are 5,280 feet in a mile. 
Ans. $5,747.65 
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DIVISION BY USE OF LOGARITHMS 


37. In the division of one indicated power of a number by 
another indicated power of the same number, the exponent in 
the quotient is found by subtracting the exponent in the divisor 
from the exponent in the dividend. Since logarithms are 
really exponents, it is evident that one number may be divided 
by another by applying the following rule: 


Rule—To divide one number by another, first subtract the 
logarithm of the divisor from the logarithm of the dividend, and 
thus obtain the logarithm of the quotient. Then, find the number 
corresponding to that logarithm. 


The logarithm of the dividend should be written first and 
below it should be written the logarithm of the divisor. In 
the simplest case of division by means of logarithms, the 
logarithm of the divisor can be subtracted from the logarithm 
of the dividend without requiring a change in the form of the 
logarithm of the dividend, as in the following examples: 


EXAMPLE 1.—Divide 6,784.2 by 27.42. 
SOLUTION.—The calculations may be indicated in the following manner: 


log 6,784.2 =3.83150 
log 27.42 =1.43807 


By subtraction, log quotient = 2.389343 

The corresponding number is 247.42. Ans. 
EXAMPLE 2.—Divide 0.067842 by 0.002742. 
SoLuTION.—The work may be arranged as follows: 


log 0.067842 = 8.83150—10 
log 0.002742 = 7.43807 — 10 


By subtraction, log quotient = 1.39343 
The corresponding number is 24.742. Ans. 


When 10 is subtracted from 10, the result is obviously 0, and therefore 
no —10 appears in the logarithm of the quotient. 
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EXAMPLE 3.—Divide 0.8792 by 61. 
SOLUTION.— log 0.8792 =9.94409—10 
‘ log 61 = 1.78533 
log quotient = 8.15876 —10=log 0.014413 
Thus, 0.8792 +61 =0.014413. Ans. 


In this case, nothing is subtracted from the 10 in the logarithm of the 
dividend, and —10 therefore appears in the logarithm of the quotient. 


38. In division by means of logarithms, it is sometimes 
necessary to change the form of the logarithm of the dividend 
in order to obtain the logarithm of the quotient in suitable 
form. If the logarithm of the dividend is written first in the 
usual form and the logarithm of the divisor is written below 
it, the required change in the form of the logarithm of the 
dividend becomes obvious. 


EXAMPLE 1.—Divide 274.2 by 6,784.2. 
SoLuTIOoN.—The work may be arranged as follows: 
log 274.2 =2.43807 =12.43807 — 10 
log 6,784.2 =3.83150= 3.83150 
log quotient = 8.60657 —10=log 0.040417 
Therefore, 274.2 + 6,784.2 =0.040417. Ans. 


Before 3.83150 is subtracted from 2.48807, it is necessary to add 10 to 
2.43807 and to annex —10, in order to obtain the logarithm of the quotient 
in positiveform. The new form of log 274.2 is 12.43807 — 10. 

EXAMPLE 2.—Find the value of 8.792 + 0.061. 

SoLuTION.—The work is as follows: 

log 8.792 =0.94409 = 10.94409—10 
log 0.061 =8.78533—10= 8.78533—10 


log quotient = 2.15876 


The corresponding number is 144.13. Ans. 


Since 0.94409 is smaller than 8.78533, it is necessary to add 10 to 
0.94409 and to annex —10. The new form of the logarithm is 10.94409 


— 0; 
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EXAMPLE 3.—Divide 0.00425 by 0.83724. 
SoLutIon.—The calculations may be arranged in the following manner: 


log 0.00425 = 7.62839 — 10 = 17.62839 — 20 
log 0.83724 =9.92285—10= 9.92285—10 


log quotient = 7.70554—10 
The corresponding number is 0.0050762. Ans. 


In this case, the positive part of the logarithm of the dividend, or 
7.62839, should be increased by 10 in order that it may exceed the positive 
part of the logarithm of the divisor or 9.92285. Since the negative part 
of log 0.00425 must also be increased by 10, the new form of the logarithm 
is 17.62839~—20... When the subtraction of log 0.83724 from log 0.00425 
is performed, the difference between the negative parts. of these two 
logarithms is found to be 20—10=10. 


EXAMPLE 4.—Divide 879,200 by 0.0000061. 


SOLUTION.— log 879,200 =5.94409 = 15.94409—10 
log 0.0000061 = 4.78533—10= 4.78533 —10 


log quotient =11.15876 
The corresponding number is 144,130,000,000. Ans. 


In this case the logarithm of the dividend is greater than the positive 
part of the logarithm of the divisor. Nevertheless, a —10 is introduced 
in the logarithm of the dividend in order to balance the —10 in the loga- 
rithm of the divisor. 


EXAMPLES FOR PRACTICE 
Find the quotients of the following by the use of logarithms: 


(a) 564.35+34.96. (e) 0.000119+0.0719. 
(b) 9.643 -+200.04. (f) 1.19+719. 
(c) 0.16071+ 76.8. (g) 1+1,728. 
(d) 0.00624+3.096. (h) 1+0.7854. 


Ans.—(a) 16.143; (6) 0.048204; (c) 0.0020926; (d) 0.0020155; 
(e) 0.0016551; (f) 0.0016551; (g) 0.00057871; (h) 1.2732 


Solve the following by the use of logarithms: 
(7) An automobile factory built 12,996 machines at a cost of $8,972,500. 
What is the average cost of each automobile? Ans. $690.42 


(j) What is the diameter, in feet, of a circular track 1 mile, or 5,280 
feet, in circumference? The diameter is equal to the circumference 
divided by 3.1416. Ans. 1,680.7 ft. 

(k) A cubic foot of water at its greatest density weighs 62.425 pounds. 
What does 1 cubic inch weigh? 1 cubic foot =1,728 cubic inches. 


Ans. 0.036126 Ib. 
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FINDING POWERS AND ROOTS BY LOGARITHMS 

39. Finding Powers of Numbers.—The operation of 
raising a number to a power can be conveniently performed 
by means of logarithms. As previously explained, a number 
may be raised to an integral power by using it as a factor as 
many times as is indicated by the exponent. Thus, 23=2x 
2X2=8. If logarithms are used for performing this operation, 
log 2?= log 2+log 2+ log 2=3 log2 =3 X0.30103 = 0.90309, which 
is the logarithm of 8. In a similar manner, log 5‘=log 5+1og 5 
+log 5+log 5=4 log 5=4X0.69897 =2.79588, which is the 
logarithm of 625. Also, log 3°=5 log 3=5 X0.47712 =2.38560, 
which corresponds to the number 243. These are simple 
illustrations. When logarithms are used, a number may be 
raised to any integral or fractional power by applying the 
following rule: 

Rule.—To raise a number to a power, first multiply the loga- 
rithm of the number by the exponent that indicates the power to 
which the number ts to be raised, and thus obtain the logarithm of 
the required result. Then, find the number that corresponds to 
this logarithm. 

When the given number is greater than 1, the solution is 
simple, as in the following examples. 

EXAMPLE 1.—What is the square of 7.92? 


SoLuTion.—The calculations may be carried out as follows: 
log 7.92?=2 log 7.92 
log 7.92 =0.89873 
2 


log 7.92?= 1.79746 =log 62.727 
Thus, (2927 = 6262) Ans: 
EXAMPLE 2.—Find the value of 15.987°-?83, 
SoLuTION.— log 15.9879-2883 = 0.2883 log 15.987 
log 15.987 =A 7/ 
log 15.987°-7883 = 0.2883 X 1.20377 
= 0.34705 =log 2.2236 
Hence, 15.987 9.2883 = 2.2236. Ans. 
Only five figures are used in the mantissa of the logarithm of the required 
result, because only five places are used in the mantissa of the logarithm 
of the given number. 
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3 
EXAMPLE 3.—What is the value of 2.58? 


3 
SOLUTION.— log 2.58= #? log 2.5 
log 2.5 =0.39794 
are 


log 2.58 = $X0.39794 
= 0.14923 =log 1.41 


3 
Therefore, 2.58=1.41. Ans. 

40. If a number that is wholly decimal is to be raised to a 
positive power, both the positive and negative parts of the 
logarithm of the given number must be multiplied by the 
exponent indicating the power. The negative part of the 
resulting logarithm will, therefore, be either greater or smaller 
than 10, depending on whether the exponent is greater or less 
than 1. In order to simplify this logarithm, it is necessary to 
subtract from, or add to, the negative part a number that will 
change that part to 10. Of course, the same number should 
also be subtracted from, or added to, the positive part of the 
logarithm. 

EXAMPLE 1.—Raise 0.0751 to the fourth power. 

SOLUTION.—log 0.07514=4 log 0.0751 

log 0.0751 = 8.87564—10 
4 


log 0.07514=35.50256 — 40 
30 a) 


5.50256 — 10 =log 0.00003181 
Thus, f 0.07514=0.00003181. Ans. 


In order to change to 10 the negative part of the logarithm 35.50256 
-.40, it is necessary to subtract 30 from each part of the logarithm. 


EXAMPLE 2.—Find the value of 0.44862. 


SoLution.—log 0.4486 = 9.65186—10 
Z 


log 0.4486? = 19.30372 —20 
10 Io) 


9.30372 —10=log 0.20124 
That is, 0.4486?=0.20124. Ans. 
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EXAMPLE 3.—Find the. value of 0.83267°:3, 


SOLUTION.—log 0.832679 =0.8 log 0.83267 
log 0.88267 =9.92048—10 3 
0.8 


log 0.83267°-§ =7.93638— 8 
2 = 7 


9.93638 — 10 =log 0.86374 
Therefore, 0.83267 °-8 = 0.86374. Ans. 


The negative part of the logarithm 7.93638—8 obtained in this case 
islessthan10. Therefore, in order to change that part to 10, it is necessary 
to add 10—8, or 2, to each part of the logarithm. 


EXAMPLE 4.—What is the value of 0.5556°-815? 


SOLUTION.—log 0.55569-8 =0.615 log 0.5556 
log 0.5556 =9.74476—10 
0.615 


log 0.5556°-5 = 5.99303— 6.15 
i tl) ens ko 19) 


9.84303—10 =log 0.69667 
Thus, 0.5556°-5§ = 0.69667. Ans. 


The negative part of the product of log 0.5556 and 0.615 is less than 
10 by the amount 10—6.15, or 3.85. Hence, the logarithm 5.99303 — 
6.15 is changed to the desired form by increasing each part of it by 3.85. 

EXAMPLE 5.—Find the value of 0.002759!.*. 


SoLuTION.—The calculations may be performed in the following 
manner: 
log 0.002759!-7> = 1.25 log 0.002759 
log 0.002759 =7.44075—10 
1.25 


log 0.002759!-5 = 9.30094 — 12.5 
2.5 =) 2:5 


6.80094 — 10 


The corresponding number is 0.00063233. Ans. 


In this case, the negative part of the product of log 0.002759 and 1.25 
must be reduced by 12.5—10, or by 2.5, and the positive part is reduced 
by the same amount. 
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0.3 
EXAMPLE 6.—Find the value of 0.781-%. 


° 0.3 
SOLUTION.— log 0.783 = 75 log 0.78 


log 0.78 =9.89209—10 


log 0. 7818 308 x (9.89209 — 10) 
Me 0.3 
=73%? -89209 —73 3 x10 


= 2.28279 — 2.30769 
7.69231 — 7.69231 
9.97510—10 


The corresponding number is 0.94428. Ans. 


In order to change the logarithm 2.28279 —2.30769 to a form in which 
the negative part is 10, each part is increased by 10—2.30769, or by 
7.69231. 


41. Extracting Roots of Numbers.—The use of logarithms 
is especially advantageous in extracting roots. of numbers, as it 
is possible to find rapidly any root of a number by means of 
logarithms. As previously explained, the process of extracting 
a root of a number is the reverse of raising a number to a 
power. In fact, if a root of a given number is raised to the 
power indicated by an exponent that is equal to the index of 
the root, the given number is obtained; thus, V8 =2 and 2?=8. 
Also, since 23=8, 3 log 2=log 8. Hence, if the logarithm of a 
root of a number is multiplied by the index of the root, the 
logarithm of the number is obtained. Since 3 log 2=log 8, 


log 2=—3—. Therefore, it follows that the logarithm of a 
root of a given number is equal to the logarithm of the number 
divided by the index of the root. Thus, log V8 108.9 


3 
- el =0.30103, which is the logarithm of 2. Also, log V9 


log 9 0.95424 ‘ ; 
= = = =0.47712, which is the logarithm of 3. In 


general, when logarithms are used, any root of a number can 
be found by applying the following rule: 
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Rule.—To extract a root of a number, first divide the logarithm 
of the number by the index of the root, and thus obtain the logarithm 
of the required root. Then find the number corresponding to that 
logarithm. 


When the number is greater than 1, the application of the 
rule is simple, as in the following examples. 


EXAMPLE 1.—Find the square root of 77,851. 


SOLUTION.— log 77,851 =4.89127 


1 8912 
log 77,851 == a eee am 1 9.44564 


The corresponding number is 279.03. Ans 


EXAMPLE 2.—Extract the cube root of 698,970. 


SOLUTION.— log 698,970 = 5.84446 
log *698,970 = 08 Sen ee 1.94815 


The corresponding number is 88.746. Ans. 


EXAMPLE 3.—Find the value of 68.3. 


SOLUTION.— log 68.3 =1.88442 
log?“*V68.3 =n 8 = oe OTT 


The corresponding number is 5.4171. Ans. 


42. When it is required to extract a root of a number that 
is wholly decimal, both the positive part and the negative part 
of the logarithm of the given number are divided by the index 
of the root. In solving such a problem, it is customary to 
express the logarithm of the given number in such a way that 
the negative part of the quotient will be 10. Therefore, 
before the division is performed, the negative part of the 
logarithm of the given number is increased so that it is equal 
to the product of 10 and the index of the root, and the positive 
part of the logarithm is increased by the same amount. 


EXAMPLE 1.—Extract the square root of 0.0097255. 


log 0.0097255 
SOLUTION.— - log 0.009725 Se 


235B—10 


38 LOGARITHMS 


Since the index of the root is 2, the negative part of the logarithm of 
the given number should be made equal to 10X2, or 20. The compu- 
tations for determining the required root are as follows: 


log 0.0097255= 7.98791—10 
10 =i 


2)17.98791 — 20 


8.99396 — 10 
The corresponding number is 0.09862. Ans. 


EXAMPLE 2.—Find the value of *J0.0003181. 


SoLtutTion.—In this case, the negative part of the logarithm of tne 
given number should be changed to 10X32, or 30. The work may be 
arranged in the following manner: 


lon yO OONSISIe = names 


log 0.0003181 = 6.50256—10 
20 —20 


3)26.50256 — 30 
8.83419 — 10 =log 0.068263 
That is, */0.0003181 = 0.068263. Ans. 


EXAMPLE 3.—Find the value of *“°V0.888. 


_ log 0.888 
S = oe 405 _ 
OLUTION 0. 88 eine 
log 0.888 = 9.94841—10 
4.05 — 4.05 
1.405)13.99841 — 14.05 
9.96328 —10 


The corresponding number is 0.91892. Ans. 


The negative part of log 0.888 should be made equal to 101.405, or 


14.05. Therefore, 4.05 is added to both parts of the logarithm 9.94841 
—10. 
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EXAMPLES FOR PRACTICE 


Find the values of the following by use of logarithms: 


(a) 1,728°. (f) 0.0497. 
(b) 0.644. (g) 2,350°-75, 
(c) *4906.8. (hk) 0.03958°-85, 
(d) *V11. (4) 0.0007521-2. 
(e) V0.937. (3) 0.758 


Ans.—(qa) 2,985,900; (b) 0.16777; (c) 5.4876; (d) 1.6154; (e) 0.96798; 
(f) 0.36766; (g) 337.52; (h) 0.059266; (z) 0.00017843; (7) 0.64951 
Solve the following by use of logarithms: 


(k) What is the length, in feet, of each side of a square that has an 
area of 1 acre, or 48,560 square feet? 
Ans. 208.71 ft. 


COMBINATION OF OPERATIONS 


43. Types of Computations.—The computation of a certain 
quantity may involve both multiplication and division. Further- 
more, some of the factors may contain exponents that are 
either integral or fractional, and other factors may be roots that 
are indicated by radical signs. The use of logarithms is 
especially advantageous in evaluating complex expressions. It 
should be remembered, however, that logarithms cannot be 
used for performing addition or subtraction. 


44. Calculations Involving Multiplication and Division. 
The method of procedure to be followed in finding the value of 
an expression in which both multiplication and division are to 
be performed, may be illustrated by means of a typical example. 


EXAMPLE.—Find the value of k in the formula pa when a=497, 
6=0.0181, /=762, r=3,300, and s=0.6517. 


SoLuTION.—The expression ab] means aXbX/, and vs means 7 Xs, the 
multiplication signs being omitted in the formula in accordance with the 
usual practice. When the given numerical values ure substituted for 
the letters, the formula becomes 
497 X 0.0181 X 762 

3,300 X 0.6517 


and log k= (log 497-+log 0.0181! + log 762) — (log 3,300+log 0.6517) 
4 


ies 
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The calculations may be indicated as follows: 


log 497 = 2.69636 

log 0.0181 = 8.25768—10 

log 762 = 2.88195 

log (497 X0.0181 X 762) = 13.83599 — 10 
= 3.83599 

log 3,300 = 3.51851 

log 0.6517 = 9.81405—10 

log (3,300X0.6517) =13.33256—10 
= 3.33256 

log (497 X0.0181X762) = 3.83599 

log (3,300X0.6517) = 3.33256 

log k = 0.50343 


k= 3.1874. Ans. 


45. Calculations Involving Powers and Roots.—In evalu- 
ating an expression that includes indicated powers or roots, it 
is usually convenient to find first the logarithms of the powers 
or roots. The required multiplications and divisions should 
preferably be carried out in the order that permits the most 
convenient arrangement of logarithmic work and avoids 
repetition in using values. ‘This is illustrated in the following 
examples. 


ExampLE 1.—In the formula Wa Dw, which gives the weight of a 


sphere, W represents the weight; D, the diameter of the sphere; w, the 
weight of a cubic unit of the material; and w (pronounced pi) =3.1416. 


Find, by the use of logarithms, the value of W, when D=0.298 in. and 
1% =0.3031 Ib. 


SoLuTIon.—If the given values are substituted for the letters in the 
formula, the expression obtained is 


w= 3.1416 eS 0.3031 


from which 
log W=log 3.1416+log 0.298°+-log 0.3031—log 6. 


The logarithmic work can be arranged most conveniently if the loga- 
rithm of 0.2983 is found first, as follows: 
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log 0.298 =9.47422—10 
log 0.298? =3 log 0.298 =8.42266—10 
log 3.1416 = 0.49715 

log 0.3031 =9.48159—10 
log (0.2988 3.1416 X 0.3031) =8.40140—10 
log 6 =0.77815 

log W =7.62325—10 


W=0.0042 lb. Ans. 


EXAMPLE 2.—The following formula is used in hydraulics: 
d=2.57 X 


Find d, when f=0.022; /=2,820; h=133; and O=12.5. 


SoLutTIion.—In this case, 


5 {0.022 x 2,820 x 12.5? 
133 


and log d=log 2.57 +5 (log 12.52+-log 0.022+log 2,820—log 133) 


d=2.57 


The logarithmic work may be arranged as follows: 


log 12.5 = 1.09691 
log 12.5°=2 log 12.5 = 2.19382 
log 0.022 =8.34242—10 
log 2,820 = 3.45025 
log (12.52X 0.022 2,820) =3.98649 
log 133 = 2.12385 
12.52 0.022 nae!) 
log ( 133 1.86264 
5x 1.86264 = 0.37253 
log 2.57 = 0.40993 
log d = 0.78246 


d=6.0599, or 6.06, nearly. Ans. 


46. Computations Involving Addition and Subtraction. 
Where operations that can be performed by means of logarithms 
are combined with addition and subtraction, care must be 
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taken to carry out the operations in the proper sequence. 
The following examples serve to illustrate the procedure. 


EXAMPLE 1.—When the perpendicular sides a and 0 of a right triangle 


are known, the hypotenuse ¢ can be found by the formula c=Var+b?. 
What is the value of c when a=119.72 and }=98.16? 


SoLuTION.—For the given values of a and 8, 


6=N 119.722-, 98:16? 


The first step is to find the values of 119.72? and 98.16? by logarithms, 
as follows: 


log 119.72 =2.07816 log 98.16 =1.99193 

2 2 

log 119.72?=4.15632 log 98.16?=3.98386 
119.72? = 14,332 98.16?= 9,635.2, or 9,635 


The required value of c is then determined by adding these squares 
and extracting the square root of the sum by means of logarithms. Thus, 


14,332 +9,635 = 23,967 
log 23,967 = 4.37962 


log c=log (23,967 =2X 4.37962 =2.18981 
EAS ie ATS: 


EXAMPLE 2.—If the hypotenuse ¢ of a right triangle and one of the 
other sides a are given, the third side ) can be computed by the following 


formula: 
b= (c—a) (c+a) 


Find the value of b in a triangle in which c=1,331 and a=920. 


SoLuTion.—In the given triangle, 


b= (1,331 —920) (1,331+920) 
Here, it is first necessary to simplify the expression under the radical 
sign by performing the indicated subtraction and’addition. Thus, 
1,331—920=411 
1,331+-920 =2,251 
Then, the product of these two quantities and the square root of that 
product are found by logarithms in the following manner: 
log 411 = 2.61384 
log 2,251 =3.30238 


log (411X2,251) =5.96622 
log b=4X 5.96622 =2.98311 
b=961.86. Ans. 
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47. Computations in Which a Logarithm Is a Factor.—In 
some cases, the logarithm of a quantity, rather than the quan- 
tity itself, appears as a factor in a formula. Before the value 
of the entire expression can be determined, it is necessary to 
find such a logarithm from a table. The proper substitution 
can then be made in the formula. 

ExampLe.—A formula that is used in radio for expressing the ratio 


of the acoustic powers of two electric currents in terms of the ratio of the 
electric powers of the currents is 


N= tO toe < 
2 


in which P; and P, are the electric powers of the two currents and N is 


the ratio of their acoustic powers. What is the value of N if 51=3.5? 
2 


SoLUTION.—The first step is to find the value of log! or log 3.5. From 
2 


a table of logarithms, this is 0.54407. The value of NV is then equal to 
10 0.54407 = 5.4407, or say 5.44. Ans. 


48. Accuracy of Results Obtained by Use of Five-Place 
Logarithmic Table-——When five-place logarithms are used in 
performing calculations, the results obtained are correct to 
four significant figures, and the fifth significant figure may or 
may not be exactly correct. There are various reasons why 
the fifth figure may not be accurate. As previously explained, 
mantissas are unending decimals and the values printed in a 
five-place table are approximate. When the mantissas for 
such a table are computed, all figures beyond the fifth figure are 
dropped and the fifth figure is increased by 1 if the sixth figure 
would be 5 or more. Furthermore, when the fifth figure of the 
mantissa for a given number is determined by interpolation, 
that figure may be in error by 1, because the proportional part 
is approximate and the inaccuracy in the proportional part 
added to the inaccuracy in the printed mantissa may exceed 
0.000005. Also, when the logarithms of two or more numbers 
are added, as when the product of these numbers is required, 
the sum of the inaccuracies in the individual logarithms may 
exceed 0.000005, and there will then be an error in the fifth 
figure of the required logarithm. In some cases, on the other 
hand, the errors in two logarithms used in a computation may 
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tend to offset each other, and the final result may therefore be 
correct. . 

In general, it should not be expected that the fifth figure in 
a tesult obtained by the use of a five-place logarithmic table 
will be exactly correct. Hence, if a problem is solved both by 
arithmetic and by logarithms, it may be found that the results 
differ in the fifth significant figure. 

The nature of the computations determines what degree of 
accuracy is required and what kind of logarithmic table is to 
be used. For most engineering computations, a five-place 
table provides ample accuracy. There are, however, certain 
computations in precise surveying work for which a five-place 
table is not sufficiently accurate and for which it is necessary 
to use a six- or seven-place table. For astronomical compu- 
tations, even a seven-place table is not accurate enough, and 
it is customary to use a ten-place table. The general methods 
here explained for computations with a five-place table apply 
also to computations with larger and more accurate tables of 
logarithms. 


EXAMPLES FOR PRACTICE 
Solve the following by means of logarithms: 


bXcxXd 


1. Find the value of a in the formula a= 
exf 


d=(.0097, e=36,709, and f=0.08497. 


, if b=89, c=753, 


Ans. 0.20840, or 0.2084 


2. The formula used in mechanics for finding the velocity of a falling 
body is v =2¢h, in which v is the velocity at any instant, g is the increase 
in velocity in each second, and h is the height through which the body 
has fallen. Find v when g=382.16 and h=220. Ans. 118.96 


Sed al) eee of an equilateral triangle may be determined by the 
formula A AS, in which A denotes the area of the triangle and /] 
the length of each side. What is the value of A when 1/=276.3? 

Ans. 33,057 
PLA 


4. The formula H= 33,000 is used to compute the horsepower of a 
steam or gasengine. In this formula, H is the horsepower; P, the average 


effective pressure on the piston, in pounds per square inch; L, the distance 
the piston travels per stroke, in feet: A, the area of cross-section of the 
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cylinder, in square inches; and N, the number of working strokes per 

minute. Find H, when P=62.76 pounds; L=314 inches=2.625 feet: 

A =18.42 square inches; and N=92.4. Ans. 8.4968, or 8.5 
Suggestion: log H=log P+log L+log A+log N—log 33,000. 


5. The following formula, given in the subject of Heat, is used to 
find the absolute temperature of a gas expanding under certain conditions: 


J2\ ee 

P= (22) 

2 IPD P, 

in which 7; and T,2 represent temperatures, and P, and P» correspond- 


ing pressures. Find 7.2, when 7,;=520, P.=235, and P,=14.7. 
Ans. 1,156.1, or 1,156 


Suggestion: log T,=log Tee NiGoe P»—log P;). 


ne 
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49. Use of Cologarithms.—In evaluating certain types of 
expressions, the logarithmic work can be arranged more con- 
veniently if subtraction of logarithms is avoided. This can 
be readily accomplished because dividing by a number is the 
same as multiplying by its reciprocal, which is 1 divided by 
the number. Thus, instead of dividing 28.97 by 7.354, the 


.same result may be obtained by multiplying 28.97 by 7 354 


The logarithm of the reciprocal of a number is called the 
cologarithm of the number. The abbreviation colog is used for 
the expression the cologarithm of. Thus, the cologarithm of x 
is indicated simply as colog x, and its value is the same as that 


of log ~. Since log () =log 1—log x and log 1 equals zero, it 


follows that colog «=0—log x=10—log x—10. MHence, the 
cologarithm of any number can be found from the logarithm of 
the number by subtraction. 

If the given number is greater than 1, its cologarithm is 
obtained by ‘subtracting its logarithm from 10 and annexing 
—10 to the remainder. For example, colog 3,300=10—log 
3,300 —10 = 10—3.51851 —10=6.48149—10. If the given num- 
ber is wholly decimal, its logarithm will contain a —10 and its 
cologarithm may be obtained merely by subtracting the 
positive part of its logarithm from 10, because the --10 in the 
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minuend will cancel the —10 in the subtrahend. Thus, since 
log 0.6517 =9.81405—10, colog 0.6517 = 10 — 9.81405 = 0.18595. 
The cologarithm of a number can usually be determined from 
the logarithm of the number by a mental calculation. To 
perform the calculation, the last significant figure of the 
logarithm is subtracted from 10, and each other figure of the 
logarithm is subtracted from 9. 


50. Computations With Cologarithms.—The manner in 
which the logarithmic work can be arranged when cologarithms 
are used may be indicated by considering again the values in 
the example of Art. 44. When division is replaced by multi- 
plication by a reciprocal and the numerical values are used, 
the formula may be written as follows: 


1 1 
k= 497 X0.0181 X762X 3-359 Xp gai7 


Therefore, ; 
log k=log 497+log 0.0181+log 762+ colog 3,800-+colog 0.6517 


The logarithms may then be tabulated in the following 
manner: 


log 497 = 2.69636 
log 0.0181= 8.25768—10 
log 762 = 2.88195 


colog 3,300 = 6.48149—10 
colog 0.6517= 0.18595 


log k = 20.50343 —20 
= 0.50348  =log 3.1874 


HYPERBOLIC LOGARITHMS 


51. In the system of logarithms used in the preceding 
articles, the base is the number 10, and all logarithms are 
exponents of the number 10. The distinguishing names for 
these logarithms are common logarithms and Briggs logarithms, 
but they are usually called simply logarithms. They are 
generally used for the computations in practice. However, 
any positive number except 1 can be used us a base 
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In certain special computations that occasionally come up 
in scientific work, use is made of a system of logarithms in 
which the number 2.718281828-+ is the base. This number is 
generally denoted by the letter e. Logarithms to the base e 
are known as hyperbolic, Naperian, or natural logarithms. In 
practical computations, it is customary to designate the hyper- 
bolic logarithm of a number by writing the subscript e after 
the abbreviation log. Thus, log. 4 means the hyperbolic . 
logarithm of 4. When no base is designated, common loga- 
rithms to the base 10 are usually meant. 


52. For computations that require the use of hyperbolic, or 
natural, logarithms, special tables of such logarithms may be 
employed. When such special tables are not available, the 
hyperbolic logarithm of any number may be determined by 
first finding the common logarithm (characteristic and man- 
tissa) of the given number and then multiplying that complete 
logarithm by the constant 2.3026. If a less accurate value is 
satisfactory, the complete common logarithm may be multi- 
plied by 2.303 or even by 2.3. For example, the hyperbolic 
logarithm of 20, or log. 20, may be determined as follows: 


log 20=1.30103 
log , 20 = 2.3026 X 1.30103 = 2.99575 


Conversely, if the hyperbolic logarithm of a number is 
known and it is required to find the number without the use of 
a special table, the first step is to divide the hyperbolic loga- 
rithm by 2.3026 or to multiply that logarithm by 0.4848, 
which is the reciprocal of 2.3026. The result is the common 
logarithm of the required number, and that number can be 
readily found. Thus, the number N whose hyperbolic logarithm 
is 3.47182 may be found in the following manner: 


log. N =3.47182 
log N =0.4343 X3.47182 = 1.50781 =log 32.196 
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